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We  are  concerned  with  the  existence  and  comparison  of  eigenvalues  for  the 
eigenvalue  problem  (  — =  A P(t)u,  Tu  =  0,  where  Tu  =  0  are  appropriate 
boundary  conditions  at  points  in  the  interval  [a,  6].  Here  u(t)  is  an  m-column 

vector  function,  P(t)  is  a  continuous  m  x  m  matrix  function  on  [a,  b]  and  Lu  = 

\  f  V\ 

a.- 

uty  +pi(<)u^n-U  +  •••  +  pn(t)-  We-mil  assume  that  the  corresponding  scalar 

”  \  ■ 

equation  Ly  —  0  is  right  disfocal  on  [a,  6].  We-get  ouf  existence  and  comparison 
results  by  using  several  abstract  theorems  from  cone  theory  in  a  Banach  space. 

We  first  consider  the  boundary  value  problem  u feA  +  r(t)u  =  0,  u^'\a)  =  0, 
i  =  0, 1, . . . ,  k  —  1  and  =  0,  j  =  1, 2, . . . ,  n  —  k.  Using  comparison  theorems 

for  Green’s  functions  due  to  Peterson  and  Ridenhour  we  are  able  to  apply  cone 
theory  to  get  the  exsitencc  and  uniqueness  of  an  eigenvector  in  a  cone.  Further,  we 
can  give  comparison  results  between  the  smallest  positive  eigenvalues  of  different 
eigenvalue  problems. 

We  also  examine  the  n-point  right  focal  eigenvalue  problem  (— l)n-1Z,u  = 
A P(t)u,  =  0,  for  i  =  1,2, ...,n.  Assuming  that  Ly  =  0  is  right  disfocal 

we  give  an  explicit  form  for  the  Green’s  function.  Under  certain  sign  conditions 


on  the  Green’s  function  and  conditions  on  P(f),  we  can  show  the  existence  of 
a  smallest  positive  eigenvalue.  And  with  further  conditions  on  P(t ),  that  its 
corresponding  eigenvector  is  essentially  unique  with  respect  to  a  ‘cone’.  We  also 
have  comparison  results  for  the  eigenvalue  problem  above  and  the  problem  Lu  = 
A Q(t)u,  u(,_1)(t,)  =  0  for  i  =  1, 2, . . . ,  n.  We  close  this  chapter  by  giving  examples 
where  the  Green’s  function  has  the  desired  sign  conditions.  We  also  give  results 
for  the  difference  equation  analog  on  this  problem. 
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Introduction 

We  are  concerned  with  the  existence  and  comparison  of  eigenvalues  for  the 
eigenvalue  problem  (-1  )n~1Lu  =  A P(i)u,  Tu  =  0,  where  Tu  =  0  are  appropriate 
boundary  conditions  at  points  in  the  interval  [a,  b].  Here  u(t)  is  an  m-column 
vector  function,  P(t )  is  a  continuous  m  x  m  matrix  function  on  [a,  b]  and  Lu  = 
u(n)  +  +  •  •  •  +  p„(f).  We  will  assume  that  the  corresponding  scalar 

equation  Ly  —  0  is  right  disfocal  on  [a,  b ),  that  is,  there  does  not  exist  a  nontrivial 
solution  y  of  Ly  =  0  and  points  a  <  ti  <  tz  <  •  *  •  <  t„  <  b  so  that  =  0 

for  i  =  1,2, . . . ,  n. 

To  get  our  existence  and  comparison  results,  we  use  several  important  theo¬ 
rems  from  cone  theory.  Krasnosel’skii  [12]  discovered  that  if  an  operator  M  maps 
a  cone,  V,  back  into  itself,  and  there  exists  a  nontrivial  u  in  V  and  an  e  >  0 
so  that  Mu  >  eu,  where  ‘>’  means  that  if  x  >  y  then  (x  —  y)  €  V,  then  there 
exists  an  eigenvector  in  the  cone.  Moreover,  if  M  is  u0-positive,  that  is,  for  all 
nontrivial  x  in  V  there  exists  scalars  a,  0  >  0  so  that  au0  <  Mx  <  0uo,  then 
this  eigenvector  is  essentially  unique.  We  also  use  a  result  from  Keener  and  Travis 
[10].  Suppose  operators  M  and  N  map  our  cone  V  back  into  itself,  and  one  of 
them  is  u0-positive.  Further  suppose  that  there  exists  nontrivial  u,  v  in  V  and 
scalars  A,  A  so  that  Xu  <  Mu  and  Nv  <  Av.  Then  if  Mx  <  Nx  for  all  x  €  V 
then  A  <  A. 


0 


In  Chapter  2  we  let  k  be  a  fixed  element  of  {1,2, ...  ,n  -  1}.  We  consider  the 
linear  differential  operator  Lu  =  u(n)-f  r(t)u,  where  r(t)  is  continuous  on  [a,  b).  We 
let  ij,  for  1  <  j  <  n  —  k  be  integers  such  that  0  <  ii  <  h  <  *  ■  •  <  in-k  <  n  —  1. 
Then  our  boundary  conditions  for  this  problem  are  given  by  w(,)(o)  =  0,  i  = 
0, 1, . . . ,  k  -  1  and  u^\b)  =  0,  j  =  1, 2, . . . , n  -  k.  Now  Peterson  and  Riddenhour 
[15]  discovered  sign  conditions  on  the  Green’s  function  for  the  scalar  analog  of  this 
problem.  Further,  they  give  comparisons  between  the  Green’s  function  for  this 
operator  with  different  boundary  conditions.  We  take  this  eigenvalue  problem  and 
consider  its  corresponding  integral  equation.  By  appropriately  defining  a  Banach 
space  with  a  cone  and  using  the  sign  conditions  on  the  Green’s  function,  we  find 
that  our  integral  operator  in  a  u0-positive  operator.  This  allows  us  to  apply  the 
results  of  Krasnosel’skii  to  get  the  existence  of  and  uniqueness  of  an  eigenvector 
in  the  cone.  Further,  by  using  the  comparison  between  different  Green’s  functions 
we  can  use  Keener  and  Travis’  results  to  give  comparisons  between  the  smallest 
eigenvalues  of  different  eigenvalue  problems. 

In  our  third  chapter  we  examin  the  n-point  right  focal  eigenvalue  prob¬ 
lem  (-l)n~lLu  =  AP(t)u,  u(*_1)(<,)  =  0,  i  =  1,2, ...  ,n,  where  Lu  =  u(n)  + 
p1(t)u(n~1)  + - h  Pn(t)-  Assuming  that  Ly  =  0  is  right  disfocal  we  give  an  ex¬ 

plicit  form  for  the  Green’s  function.  Under  certain  sign  conditions  on  the  Green’s 
function  and  conditions  on  P(f),  we  can  show  the  existence  of  a  smallest  positive 
eignevalue.  And  with  further  conditions  on  P(t),  that  its  corresponding  eigenvec- 
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tor  is  essentially  unique  with  repect  to  a  ‘cone’.  We  also  have  comparison  results 
for  the  eigenvalue  problem  above  and  the  problem  Lu  =  A Q(t)u,  =  0 

for  t  =  1,2,  We  close  this  chapter  by  giving  examples  where  the  Green's 

function  has  the  desired  sign  conditions. 

In  our  final  chapter  we  show  how  the  results  from  Chapter  3  can  be  obtained 
for  the  n-th  order  linear  vector  difference  equation  Lu(t)  =  ]C"_0  <Xi(t)u(t  —  k+i)  = 
0,  f  6  [a+k,b+k].  We  assume  that  the  coefficients  cti(t)  are  defined  on  [a+£,6-ffc], 
for  i  =  1, 2, . . . ,  n,  a„(<)  =  1,  and  (~l)na0(t)  >  0  for  all  t  6  [a  +  £,  fc-j-fc].  Here,  the 
matrix  function  P{t)  and  Q(t)  are  also  defined  on  [a  +  k,  b  -f  it].  We  assume  that 
Ly  =  0  is  right  disfocal  for  this  difference  equation  case  and  again  are  able  to  give 
an  explicit  form  for  this  Green's  function.  By  assuming  certain  sign  conditions 
on  the  Green’s  function  we  can  shew  that  the  results  from  Chapter  3  hold  for 
the  difference  eigenvalue  problem.  We  also  close  this  chapter  by  giving  examples 
where  the  Green’s  function  has  the  desired  sign  conditions. 
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Chapter  1 
Cone  Theory 


I)  Fundamental  Definitions 

We  will  start  our  exploration  of  cone  theory  with  a  fundamental  definition. 
A  good  treatment  of  cone  theory  can  be  found  in  Deimling  [2]  or  in  Krasnosel’skii 
[10].  Many  of  our  definitions  and  theorems  are  from  Krasnosel’skn. 

Definition:  Let  B  be  a  Banach  space.  A  nonempty  subset  V  of  B  is  called  a  cone 
if  the  following  conditions  are  satisfied: 

a)  The  set  V  is  closed; 

b)  If  u,  v  €  V,  then  an  +  (5v  £  V  for  all  scalars  a,  /?  >  0; 

c)  If  u,  —  u  £  V  then  u  —  0,  the  zero  element  of  B. 

We  note  that  from  b),  it  follows  that  V  is  a  convex  set.  A  cone  V  is  called  solid 
if  it  has  a  nonempty  interior  V° ,  that  is,  V°  ^  0.  A  cone  V  is  called  re-producing  if 
every  element  x  £  B  can  be  written  in  the  form  i  =  u  —  v,  u,  v  6  V.  The  elements 
u  and  v  are  not  unique,  for  if  x  =  u  —  v,  u,v  €  V  and  w  is  any  other  nonzero 
element  of  V,  then  x  =  (u  +  w)  —  (u  +  u.’). 

The  following  lemma  gives  us  a  relationship  between  a  solid  cone  and  a  re¬ 


producing  cone. 
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LEMMA  1.1.  Let  V  be  a  solid  cone  in  Banach  space  B,  then  V  is  a  reproducing 
cone. 

PROOF:  Let  x  be  an  arbitrary  element  of  B.  Let  v  £  V° ,  the  interior  of  V.  Since 
V  is  solid,  that  is,  V  has  nonempty  interior,  we  know  that  we  can  find  such  a  v. 
Now,  since  v  is  an  interior  point  of  V ,  we  have  that  ( v  +  ex)  <E  V  for  sufficiently 
small  e  >  0.  Let  u  =  v  +  ex  and  divide  through  by  e  to  get  that  +  x.  So 

we  have  that  x  =  u0  —  v0,  where  u0  =  ju,  and  u0  =  ju,  so  u0,v0  £  V.  Hence  we 
have  that  V  is  a  reproducing  cone. 

As  an  example,  we  have: 

Example  1.1:  Let  B  =  C{a,6],  the  set  of  continuous  functions  on  the  interval 
[a,  6],  with  norm  ||x||  =  sup(a  tj  |x(f)|.  Let  V  =  C+[a,t],  the  set  of  continuous 
nonnegative  functions  on  the  interval  [a,  6].  It  is  easy  to  show  that  V  is  a  cone 
in  B  and  has  a  nonempty  interior  V° ,  equal  to  the  set  of  continuous  positive 
functions  on  [a,  6].  Then,  from  Lemma  1.1,  we  know  that  since  V  is  solid,  it  is 
also  reproducing. 

The  converse  of  Lemma  1.1  is  not  true.  Let  B  =  Lp[a,  6],  the  space  of  the 
functions  which  are  pth  power,  absolutely  integrable  on  the  interval  [a,  6],  and  V 
be  the  set  of  nonnegative  functions  of  B.  Then  V  is  a  cone  and  although  V  is 
reproducing,  it  has  no  interior  points.  It  can  be  shown  that  in  a  finite  dimensional 
space,  solid  and  reproducing  are  equivalent. 

The  space  B  is  called  partially  ordered  if,  for  certain  elements  x,j /  €  5,  the 
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relationship  x  <  y  is  defined  and  the  relation  sign‘<’  posseses  the  properties: 

i)  If  x  <  y,  then  ax  <  ay  for  all  scalars  a  >  0,  and  ai  >  ay  if  q  <  0; 

ii)  If  x  <  y  and  y  <  x  then  x  =  y; 

iii)  If  X\  <  yi  and  x2  <  y2  then  (xi  +  x2)  <  (yi  +  y2 ); 

iv)  If  x  <  y  and  y  <  z  then  x  <  z. 

Our  cone  V  induces  a  partial  ordering  on  B  if  we  write  x  <  y  to  mean  that 
(y  —  x)  €  V.  To  see  this,  we  will  show  that  this  relation  satisfies  the  properties 
listed  above.  Property  i)  follows  from  property  b)  of  a  cone,  for  if  x  <  y,  then 
(y  —  x)  €  V  from  which  we  have  that  a(y  —  x)  £  V  for  all  a  >  0.  So  a(y  —  x)  = 
(ay  —  ax)  £  V,  or  that  ax  <  ay  for  all  a  >  0.  If  a  <  0,  then  (— a)(y  —  x)  6  V  or 
(ax  —  ay)  £  V,  so  that  ay  <  ax  for  all  a  <  0. 

To  show  ii),  we  note  that  if  x  <  y  and  y  <  x  then  (y  —  x),  (x  —  y)  £  V .  But 
(y  —  x)  =  — (x  —  y)  so  we  have  that  — (x  -  y),(x  —  y)  £  V  which  implies  from 
property  c)  of  a  cone,  that  (x  —  y)  =  0  or  x  =  y. 

The  last  two  properties  follow  from  the  fact  that  the  cone  is  closed  under 
addition.  If  Xj  <  yj  and  x2  <  yz  then  (yi  —  xi  ),(y2  —  x2)  £  V.  So  then  (yt  — 

*i)  +  (l/2  -  *2)  £  v.  But  (yi  -  Xi)  +  (yz  -  x2)  =  (yi  +  Vz)  ~  (xi  +  x2)  so  we  have 

that  (xi  +  x2)  <  (yi  +  yz)-  Finah}',  if  x  <  y  and  y  <  z  then  (y  -  x),(x  —  y)  £  V. 

So  (y  -  x)  +  (z  —  y)  =  (z  —  x)  £  V,  and  x  <  z  follows. 

One  further  property  of  the  '<’  relation  is  invoked  by  the  fact  that  the  cone 
is  closed.  Suppose  that  {xn}  and  {yn}  are  sequences  in  B  and  that  xn  — ►  x  and 
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yn  — *  y  as  n  — ♦  co.  Suppose  further  that  x„  <  y„  for  n  =  1,2, . . . ,  then  x  <  y.  The 

proof  is  simple.  If  xn  <  yn  for  n  =  1,2, . . . ,  then  ( yn  —  xn)  6  V  for  n  =  1,2, - 

Now  (y„  —  i„)  — >  (y  —  x)  as  n  — ♦  oo  so  we  have  that  (y  —  x)  is  the  limit  point 
of  the  sequence  {yn  —  xn}.  Thus,  since  {y„  —  in}  C  V  and  V  is  'dosed  (hence  it 
contains  ail  of  its  limit  points),  we  have  that  (y  -  x)  €  V  or  x  <  y. 

II)  Preliminary  Lemmas 

Consider  the  cone  in  7Z2,  V  =  {(r,  9)\r  >  0 ,f<9<  j),  where  the  point 
(r,  6)  is  given  in  polar  coordinates.  We  notice  that  no  line  lies  completely  in  the 
cone.  A  line  segment  may  lie  in  V  or  at  best  a  ray  will  lie  in  the  cone.  This 
geometric  property  also  holds  true  for  abstract  cones,  as  the  following  lemmas 
from  Krasnosel’skii  demonstrate. 

LEMMA  1.2.  Let  u0eP  and  x  6  B.  Suppose  there  exists  an  a0  so  that  x  <  o 0u0. 
Then  x  <  qu0  for  all  a  >  a0. 

PROOF:  Let  a  be  greater  than  or  equal  to  a„.  Let  /?  =  (a  —  a0)  >  0.  Then  since 
( a0u—x ),  fiu o  6  V,  we  have  that  (au0  —  x)  =  (cx0+fi)u0  —  x  =  (q0Uc,-x)+/?u„  €  V. 
So  we  have  that  x  <  au0. 

Lemma  1.3.  Let  Uo  €  P\{ 0}  and  x  €  B.  Suppose  there  exists  an  q0  so  that 
x  <  a,u, .  Then  there  exists  a  smallest  aj  for  which  x  <  aiu0. 

PROOF:  First,  suppose  there  does  not  exist  a  lower  bound  on  the  set  of  all  a's 
for  which  x  <  au0.  Then  we  can  find  a  negative  sequence  {/?,,}  of  this  set,  where 


s 

/?„  — +  — oo  an  n  — ►  oo.  Then  for  n  =  1,2,...,  we  have  that  x  <  ^nu0.  Now 
|/3n|  >  0  for  all  n  so  we  have  that  jd-jx  <  y|^ju0  =  —  uc.  Letting  n  — ♦  oo  we  find 
that  0  <  —u o,  which  tells  us  that  — u0  €  P  which  contradicts  u0  €  P\{0}.  Thus 
there  exists  a  lower  bound  for  this  set.  Let  ajbe  the  greatest  lower  bound  of  this 
set.  Then  aiu0  -  i  is  a  limit  point  of  our  cone,  and  since  our  cone  is  closed  we 
have  the  desired  result. 

LEMMA  1.4.  Let  x,u0  €  B  and  — u0  £  P.  Suppose  there  exists  an  a0  so  that 
a0u,  <  x.  Then  there  exists  a  maximum  an  so  that  aj  u0  <  x. 

PROOF:  Suppose  there  does  not  exists  an  upper  bound  on  the  set  of  all  ct’s  such 
that  au0  <  x.  Then  we  can  find  a  positive  sequence  {/?„}  of  this  set,  where 
/?„  — ♦  oo  as  n  — *  oo.  This  gives  us  that  for  n  =  1,2,...,  ue  <  J-x.  Letting 
n  —*  oo  yields  that  u0  <  0  or  —  u0  6  V  which  is  a  contradiction.  Thus  there  exists 
an  upper  bound  of  this  set.  Let  ori  be  the  least  upper  bound  of  this  set.  Then  we 
have  that  x  —  aiu0  is  a  limit  point  of  our  cone,  and  since  our  cone  is  closed  we 
have  that  a  iu0  <  x. 

Ill)  Linear  Positive  Operators 

In  this  section  we  study  linear  operators  which  leave  a  cone  invariant  in 
a  Banach  space.  Under  some  general  assumptions,  these  operators  will  have  a 
characteristic  vector  in  the  cone.  Before  getting  on  to  these  theorems,  we  will 
need  some  additional  definitions. 


Let  V  be  a  cone  in  a  Banach  space  B.  The  operator  M  :  B  —*  B  is  called 
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positive  if  M  maps  the  cone  back  into  itself,  that  is,  M  :  V  — ♦  V.  If  u0  is  a  nonzero 
element  of  "P,  then  we  call  the  linear  operator  M  u0-bounded  below  if  for  every 
nonzero  x  6  V  there  is  a  natural  number  n  and  an  a  >  0  (which  may  depend 
on  x )  such  that  au,  <  Mnx.  {where  Mnx  means  the  operator  M  operating  on 
the  element  i,  n-times.}  An  operator  M  is  called  u0-bounded  above  if  for  every 
nonzero  x  €  V  there  is  a  natural  number  n  and  a  (d  >  0  (which  may  depend  on  x) 
such  that  Mnx  <  0uo-  If  for  every  nonzero  x  £  V  there  exists  a  natural  number 
n  and  a, /?  >  0  such  that  au0  <  Mnx  <  0uo,  then  we  say  that  M  is  a  uB-positive 
operator. 

A  property  of  M  being  u0-bounded  below  is  that  if  i  6  7>\{0},  then  Mnx  ^  0 
for  any  n.  For  suppose  that  there  existed  an  x  €  7>\{0}  and  an  integer  k  such 
that  Mkx  =  0.  Let  us  suppose  further  that  k  is  the  smallest  positive  integer 
for  which  this  holds.  Then  Mk~xx  €  7>\{0}  and  since  M  is  u0-bounded  below, 
there  exists  an  n  and  an  a  >  0  so  that  ou0  <  Mn(Mk~1  x).  But  Mn(Mk~1  x)  = 
Mn~l(Mkx)  =  j\/n-1(0)  =  0.  Hence  ou0  <  0  or  —  quc  €  V.  Since  a  >  0  this 
tells  us  that  — u0  €  V  which  is  a  contradiction  and  our  claim  is  proved. 

In  the  above  definitions,  we  have  found  a  natural  number  n,  and  then  operated 
on  x  with  M,  n  times.  In  our  study  of  differential  equations,  we  will  always  take 
this  natural  number  n  to  be  identically  equal  to  1.  So,  for  example,  we  would 
say  that  M  is  u0-positive  if  for  every  nonzero  x  6  V  there  exists  a,/3  >  0  such 
that  au0  <  Mx  <  /?u0.  We  will,  however,  continue  to  keep  these  more  general 
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definitions  a  while  longer. 

If  our  cone  V  is  solid  and  if  for  ever  nonzero  x  G  V  we  can  find  an  n  such  that 
Mn x  is  in  the  interior  of  V ,  then  we  say  that  M  is  strongly  positive.  A  strongly 
positive  operator  is  the  simpliest  example  of  a  u0-positive  operator.  This  is  seen 
in  the  following  Lemma. 

LEMMA  1.5.  Let  M  be  a  strongly  positive  linear  operator,  relative  to  the  solid 
cone  V.  Then  for  any  u0  in  the  interior  ofV ,  M  is  u0-positive. 

PROOF:  Let  u0  G  V°  and  x  an  arbitrary,  nonzero  clement  of  V.  Then,  since  M  is 
a  strongly  positive  operator,  there  exists  a  natural  number  n  such  that  Mnx  G  V° . 
Since  Mnx  is  an  interior  point  of  V,  we  have  that  (Mnx  —  au0)  G  V  for  sufficiently 
small  a  >  0,  that  is  au,  <  Mnx.  Similarly,  since  u0  is  an  interior  point  of  V,  we 
have  that  (ua  —  ^Mnx)  G  V,  for  sufficiently  large  fd  >  0.  So  jjMn  <  u0,  which 
gives  us  that  Mnx  <  0uo.  So  for  an  arbitrary  nonzero  x  in  V,  we  have  found  an 
a,fd  >  0  and  an  n,  so  that  qu»  <  Mnx  <  jdu0. 

IV)  Characteristic  Vectors 

Let  B  be  a  Banach  space  and  M  an  operator  on  B.  We  call  a  nonzero  element 
x  G  B  an  eigenvector  or  characteristic  vector  if  there  exists  a  scalar  A,  such  that 
Mx  =  Ax.  The  scalar  A  is  called  an  eigenvalue  or  a  characteristic  value.  We 
sometimes  call  (A,x)  an  eigenpair  for  the  operator  M. 

Suppose  that  M  is  a  linear  operator  which  leaves  some  cone  V  C  B  invariant, 
that  is,  M  is  a  positive  operator  with  respect  to  V.  If  x  is  an  eigenvector  of  M 
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and  x  is  an  element  of  V,  then  we  say  that  x  is  a  positive  eigenvector,  and  its 
associated  eigenvalue  is  called  a  positive  eigenvalue.  We  are  interested  in  these 
positive  eigenvectors  and  will  employ  Schauder’s  Theorem,  to  prove  their  existence. 

Sciiauder’s  Fixed  Point  Theorem.  Let  M  be  a  completely  continuous  oper¬ 
ator  which  maps  a  closed  convex  bounded  set  K.,  into  itself.  Then  M  has  a  fixed 
point  x0  G  K,  which  satisfies  the  equation  M x  =  x. 

Recall  that  an  operator  is  called  completely  continuous  if  it  is  continuous  and 
maps  bounded  sets  into  sets  whose  closures  are  compact.  We  sometimes  will  refer 
to  a  completely  continuous  operator  as  a  compact  operator. 

The  following  Theorem  from  Krasnosel’sku  [10],  gives  conditions  for  a  linear, 
completely  continuous  operator  to  possess  a  positive  eigenvector. 

THEOREM  1.6.  Let  B  be  a  Banach  space  with  cone  V,  and  M  a  completely 
continuous,  positive  linear  operator.  Suppose  there  exists  an  a  >  0,  a  natural 
number  p,  and  a  u  €  B,  — u  u  =  v  —  w,  v,w  £  V,  such  that  Mpu  >  qu. 

Then  M  has  a  eigenvector  x0  €  V  and  its  associated  eigenvalue  A0,  satisfies  the 
inequality  A0  >  {/ a . 


PROOF:  Let  I\  be  the  intersection  of  the  closed  unit  ball  with  the  cone,  so  I\  = 
P  fl  {x  €  B  :  |jx]|  <  1}.  We  have  that  u  =  (v  —  w ),  v,  w  €  V  and  —  u  £  V.  So  we 
know  that  v  /  0.  We  then  define  the  operators  Mn  on  I\  by 


(1) 


Mnx  = 


iiM(*+s)ir 


n  =  1,2,... 
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Then,  for  each  n,  Mn  is  completely  continuous  since  the  operator  M  is  completely 
continuous.  We  also  have  that,  for  each  n,  M„  :  K  — >  K.  This  is  easily  seen,  for 
if  x  is  an  arbitrary  element  of  K,  then  (x  +  6  V  and  since  M  is  a  positive 

operator,  M(x+  €  V  so  that  Mnx  €  V.  Also,  by  (1)  it  is  clear  that  ||j\/nxj|  <  1, 
so  we  have  that  Mnx  G  K.  Since  x  was  arbitrary  we  have  that  Mn  :  K  — ►  K. 

Now  K  is  a  closed  bounded  convex  set.  {We  know  that  K  is  convex  since 
both  V  and  the  unit  ball  are  convex  and  the  intersection  of  two  convex  sets  is  a 
convex  set.}  By  applying  Schauder’s  Theorem  we  have  that  every  operator  Mn 
has  a  fixed  point  x„  in  K.  So  we  have  that  M„x„  =  xn  or  from  (1)  we  have  that 

(2)  M(xn  +  -)  =  Anx„,  An  =  ||M(xn  +  -)|j,  n  =  1,2,...  . 

n  n 

Now  M  is  a  compact  operator  and  the  set  {xn  +  ^  |  n  =  1, 2, . . .  }  is  bounded 
by  1  +  ||t;||,  since  ||x„  +  ^||  <  |jxn||  +  ^  <  1  +  ||u||.  Thus  there  exists  a 
subsequence  of  the  sequence  {A/(x„  +  {{)}  which  converges.  That  is,  there  exists 
a  sequence  of  n,’s,  so  that  the  sequence  from  (2),  {Anjxni  }  converges.  Now,  since 
the  sequence  {A/(x„,.  +  ^-)}  converges,  this  gives  us  that  An.  =  ||A/(xni  +  ^-)||, 
converges  to,  say,  A0  >  0. 

We  will  now  show  that  A0  >  0  and,  in  fact  that  A0  >  </q.  From  (2)  we  have 
that  M(xn  +  ^)  =  Anxn.  Thus  A„xn  >  A/xn,  since  M  is  linear  and  (Anxn  — 
Mxn)  =  Ajl/v  6  V.  This  gives  us  that  x„  >  j^Mxn.  Now  since  M  is  a  positive 
linear  operator  we  have  that  x„  >  Mxn  >  j-A/[A-Afx„]=  jj-M7xn.  So, 
after  p  —  1  iterations  we  get  that  xn  >  j^rrA/p-1xn,  so  from  (2)  we  have  x„  > 
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i^P(*n  +  ;)• 


Now  Mp{xn  +  £)  >  Mp( £)  =  Aj\/Pu,  since  (x„ +  £) >  Also  we  have  that 
Mp v  >  Mpu  since  v  >  u  =  v  —  w,  and  Mpu  >  au  by  hypothesis.  This  gives  us 
that 


xn  >  TpMp( x„  +  -) 
An  n 


nA& 


Mpv 


.  a 
“  nA'U’ 


for  n  =  1,2, . 


By  Lemma  1.4  there  exits  a  sequence  of  maximum  /3„’s  so  that 


(3)  x„  >  f3„u,  n  =  1,2, - 

This  and  the  fact  that  v  >  u  yields 

(4)  *.  >  +  -) 

An  n 

>  f ) 

=  + 

>Tp{P «  +  -)«.  n  =  l,2,... 

An  71 

Now,  by  the  maximality  of  each  /?„,  we  combine  (3)  and  (4)  to  get  that 

„  a  ,  „  1  , 

0n  ^  Tp(Pn  ■+•“") 

An  71 

or  A£>o+-^-,  n  =  l,2, - 

npn 


14 


Now"  A„t.  — ♦  A0  as  i  — *  oo,  hence  from  the  last  inequality  we  get  that  A£  >  c*  >  0 
or  our  desired  inequality,  A0  >  </a. 

Since  we  have  that  the  sequence  {An<xnj}  converges,  and  A„.  converges  to 
A0  >  <fot  >  0,  we  have  that  the  sequence  {Aniini. }  converges  to  A0x0  for  some  x0. 
Hence,  we  have  that  {(A„,xni  )/A0 }  converges  to  x0  as  i  — ►  oo.  Now  from  (2)  we 
have  that  ||(An;xn,. )/A0||  =  (^L)||xfl,  j|  =  -*•  1  as  i  -*  oo.  Thus  ||x0||  =  1  and 

so  x0  7^  0. 

Since  each  (xn;  +  ^r)  E  V  and  V  is  closed,  we  have  that  z0  €  V.  Also,  since 
M  is  continuous,  we  have  that  M(xni  +  ^-)  converges  to  Mx0.  But  M(xn,  +  = 

A„jinj  which  converges  to  A0x<>.  Thus  Mx0  =  A0x0.  That  is,  x0  is  an  eigenvector 
of  the  operator  M  with  eigenvalue  A0,  and  further,  x0  6  V.  Hence  our  theorem  is 
proved. 

An  eigenvalue,  A0,  of  an  operator  M  is  sometimes  called  simple  if  all  the 
solutions  of  the  equation 

(M  -  A0/)"x  =  0,  n  =  1,2,... 

are  also  solutions  of  (M  —  A 0/)x  =  0,  where  this  set  of  solutions  is  one  dimen¬ 
sional.  Krasnosel’skii  has  an  important  result  which  gives  conditions  under  which 
our  positive  eigenvalue  is  simple  and  its  corresponding  eigenvector  is  essentially 
unique.  To  prove  this  theorem,  we  will  first  need  the  following  lemma. 

Lemma  1.7.  Let  Xo  be  a  positive  eigenvector  of  the  u0-positive  operator  M .  Then 
M  is  an  x0-positive  operator. 

\ 
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PROOF:  Since  x0  €  V  and  M  is  u0-positive,  there  exists  as  a0,/?0  >  0  and  a 
natural  number  p  so  that 

Q,Uo  <  MPX0  <  /50U0. 

Now  if  A0  is  the  corresponding  eigenvalue  of  x6,  then  since  M  is  u0-positive, 
we  know  that  A0  >  0.  Further  we  have  that  Mpx0  =  A£x0,  and  so 

,  AS 

(5)  — x0  <  u,  and  u0  <  — x0. 

/So  Oc0 

So  if  x  is  an  arbitary  element  of  7*\{0},  then  there  exists  an  a,  0  >  0  and  a  natural 
number  n  so  that 

au0  <  Mnx  <  flu0. 

But  by  the  inequalities  (5)  we  have 

aix0  <  Mnx  <  fix! o, 

where  aj  =  a\p/P0  and  P\  =  /?A£/a0.  Thus  M  is  xe "positive. 

With  this  lemma  proved,  we  move  onto  our  important  theorem. 

THEOREM  1.8.  Let  V  be  a  reproducing  cone  in  our  Banach  Space  B,  and  M  a 
completely  continuous,  u0-positive  linear  operator  on  B.  Then  the  operator  M 
has  an  essentially  unique,  ( unique  to  within  the  norm),  eigenvector  in  V,  and  its 
associated  eigenvalue  is  simple. 

PROOF:  Since  M  is  u0-positive,  and  u0  €  V,  there  exists  q,/3  >  0  such  that 
Qu0  <  Mpu0  <  fiuo,  for  some  natural  number  p.  Now  V  is  a  reproducing  cone, 

/ 
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so  u0  =  (v  —  w),  v,w  €  V  and  — u0  $  V.  Thus,  by  Theorem  1.6,  M  has  an 
eigenvector  x0,  in  V  with  associated  eigenvalue  A0,  and  since  M  is  u0-positive,  we 
know  that  A0  >  0. 

We  will  first  show  that  A0  is  simple,  and  then  show  that  there  is  no  other 
eigenvalue  with  corresponding  eigenvector  in  V .  First  suppose  that  there  exists  a 
y0,  noncolinear  to  x0,  so  that  My0  =  A0y0.  We  can  assume  that  —  y0  £  V ,  for  if  it 
were,  we  can  take  z0  =  —  y0,  so  —  z0  $.V  and  Mza  =  A0z<>.  Since  V  is  reproducing, 
there  exists  yi,y2  €  V  so  that  ya  —  yi  —  V2  with  yi  ^  0  since  — y0  £  V.  We  note 
that  ya  <  yi  since  (yi  -  y0)  =  y2  €  V. 

Now  from  Lemma  1.7  we  have  that  M  is  x0 -positive.  Hence  there  exists  a 
0  >  0  and  a  p  so  that  Mpy\  <  0xo.  This  gi\res  us  that  A£y0  =  Mpyc  <  Mpy i  < 
0xo.  Thus  we  have  that  (x„  -  y0)  6  V.  Then,  by  Lemma  1.4,  there  exists  a 

maximal  f30  so  that  (x0  -  0oy »)  €  P,  which  gives  us  that  0O  >  >  0. 

We  have  that  (x0  -  /?0y0)  €  P,  and  M  is  x0-positive,  thus  there  exists  an 
a  >  0,  and  an  n  such  that  ax0  <  Mn(x0 -0oyo)-  Now  (30y0  <  xc,  so  a0oyo  <  ox0. 
But  this  give  that  a0oy»  <  ai,  <  Mn(x0  -  0oyo ),  or  that  a0oyo  <  (A/nx0  - 
0oMnyo)  =  A^Xo  -  0oKy°-  Thus  ^-y0  <  x<,  -  /?0y<>.  But  this  gives  us  that 
(x0  —  /50(1  +  pr)y<>)  €  P  which  contradicts  the  maximally  of  0O.  Thus  the  only 
solutions  to  (M  -  A 0/)x  =  0  are  scalar  multiples  of  x„. 

Next  we  suppose  that  there  exists  a  n0  and  a  c0,  noncolinear  to  x0,  such  that 
( M  —  A0/)n'20  =  0,  and  (M  —  X0I)n'~1~e  i1  0.  Let  z\  =  {M  -  Ao/)n,-120,  so  that 
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(M  —  A0/)zi  =  0.  From  what  we  have  shown  earlier  we  have  that  z\  =  kx0 ,  ^  0. 

This  gives  us  that  —  A0/)n,_1Zo  =  x0.  Now  let  22  =  —  y(A/  —  A0/)n,_2z0, 
so  that  (A/  —  \0I)z2  —  -I,  or  A/z2  =  A0z2  —  Now  A/  is  linear  so 

M2z2  =  A/(Aez2  —  io) 

=  A0A/z2  —  A^io 

=  A0(A0Z2  —  Xo)  —  A0X0 

—  A q*2  2AqX^. 

By  induction  we  have  that 

(6)  Mnz2  =  A?*2  -  nAJ”1*.. 

Now  z2  £  T3,  for  if  it  were,  then  Mnz2  6  V.  Then  from  (G),  after  we  divide 
through  by  (nA"_1),  we  get  that  (^-z2  —  x0)  €  T3.  But  our  cone  is  closed  and 
— x0  is  a  limit  point  of  (^-z2  —  x0),  so  we  would  have  that  — x0  €  V.  But  x0  is 
an  eigenvector  of  V,  so  x0  ^  0  and  this  contradicts  item  c)  in  our  definition  of  a 
cone. 

Our  cone  V  is  reproducing  so  z2  =  (r  —  w ),  v,  w  €  V,  and  w  ^  0  since  r2  £  V. 
Now  —  w  <  z2  since  (z2  +  w)  =  v  6  T3.  Since  €  'P'JO}  and  M  is  x0-positive, 
there  exists  a  /?  >  0  and  a  p  such  that  Mpw  <  /?x0.  This  gives  us  that 


—  /?Xo  <  Mp(—iv) 


<  Mpz2  =  A£z2  -  p\p  Jx 

_  pA{-'  -  0 

or  z2  >  - jp - io, 


from  (6) 


Multiplying 


where  (pA£-1  —  /?)  <  0  since  22  £  V.  Then  —22  <  3  — xQ. 

through  by  the  positive  quantity  1  we  get  that  (J«  +  ( jzplr-i  )-2)  €  V. 

So  by  Lemma  1.4,  there  exists  a  maximal  /?0  >  0,  so  that  (xc  +  P0Z2)  €  V.  This 
gives  us  that  M(xa  +  P0Z2)  €  V.  But 

M(x  o  4-  P0Z2)  =  Mx  o  4-  fioMzi 

=  A0X0  4*  ^o(A022  —  lo) 

—  (Ao  —  0o)lo  4"  /?oA022. 

Now  (A0  —  po)  >  0  for  if  (A0  —  fio)  <  0,  then  ([— (Ac  —  po)]x„)  G  V  and  since 
((A0  —  Po)x0  4-  fi0X 022)  6  V  then  their  sum  is  in  V ,  that  is  (0O\OZ2)  G  V ,  which 
contradicts  22  £  V.  Thus  ( x0  +  z2 )  G  V.  But  >  Po-  This  contradicts 

the  maximality  of  p0. 

Thus  the  solutions  of  the  equation 

(A/  -  A0I)"x  =  0,  n  =  1,2, . . . 

cannot  be  different  from  the  solutions  to 

(M  -  Ao I)x  =  0. 

Hence  we  have  that  A0  is  a  simple  positive  eigenvalue. 

We  now  prove  the  second  half  of  our  theorem,  that  the  eigenvectors  of  M  in 


V  are  essentially  unique.  Let  us  assume  that  there  exists  two  linearly  independent 
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eigenvectors  x\,xi  €  V  such  that  Mx\  —  AiXj  and  Mi2  =  A2X2  and  that  ||ii||  = 

| |x2 1 1  =  1.  Then  by  the  first  half  of  our  theorem,  Ai  A2,  so  we  can  assume  that 
Aj  >  A2.  Since  M  is  u0-positive,  we  know  that  A2  >  0. 

Now  by  Lemma  1.7,  M  is  Xi -positive,  so  there  exists  an  a  >  0  and  a  p  so  that 
Mpx 2  =  Aji2  >  axi.  This  gives  us  that  (A£x2  —  axi)  €  V  and  since  A?  >  0  we 
have  that  (12  —  -£-xi)  €  V.  So,  by  Lemma  1.4,  there  exists  a  maximal  /?„  so  that 
(X2  —  PoX\)  €  V.  Thus  A/(x2  —  0oXi)  is  an  element  of  V.  But  M(  12  —  Pax\)  = 
Mx 2  —  paMx\  =  A2X2  —  Po^\X\.  Hence  we  have  that  (12  —  (30^x\)  €  V.  So  by 
the  maximally  of  0O  we  must  have  that  <  1,  or  Aj  <  A2.  But  this  contradicts 
our  assumption  that  Ai  >  A2.  Hence  the  eigenvector  of  M  in  V  is  essentially 
unique,  and  the  proof  of  our  theorem  is  complete. 

The  next  two  theorems,  both  from  Krasnosel'skii,  we  state  without  proof. 

THEOREM  1.9.  Let  V  be  a  reproducing  cone  in  Banach  space  B,  and  M  a  com- 
pietelv  continuous,  u0-positive  linear  operator  on  B.  Then  the  eigenvalue  corre¬ 
sponding  to  the  essentially  unique  positive  eigenvector  in  V,  is  greater  that  the 
absolute  magnitudes  of  the  remaining  eigenvalues. 

THEOREM  1.10.  Let  x0  be  a  positive  eigenvector,  with  corresponding  eigenvalue 
A0,  of  the  completely  continuous  x0 -bounded  above  linear  operator  M.  If  the 
cone  V  is  reproducing,  then  the  remaining  eigenvalues  of  the  operator  M  are,  in 
modulus,  not  greater  than  A0. 
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As  mentioned  before,  in  the  study  of  differential  equations,  one  often  takes 
the  definition  of  a  uc-positive  operator  to  be  slightly  different.  For  our  purposes 
we  will  call  an  operator  M  iz0-positive  if  for  every  x  6  "P\{0},  there  exists  an 
a,0  >  0  so  that  ati0  <  Mx  <  0uo.  From  this  point  on,  this  will  be  the  definition 
we  will  be  using. 

For  the  final  theorem  in  this  chapter,  we  will  be  needing  one  more  definition. 
If  M  and  N  are  two  linear  operators  which  map  B  back  into  itself,  then  we  say 
that  M  <  N  (with  respect  to  V),  if  Mu  <  Nu  for  all  u  £  V. 

This  last  result  was  discovered  by  Keener  and  Travis  [8,9,15].  It  gives  com¬ 
parison  results  between  two  eigenvalues  of  two  different  operators. 

THEOREM  1.11.  Let  V  be  a  cone  in  the  Banach  space  B.  Let  M,N  :  B  — »  B  be 
bounded,  linear  operators,  one  of  which  is  u0-positive.  If  M  <  N  and  there  exists 
nontrivial  ui,u2  €  V  and  Aj,  A2  >0  such  that 

Ai«i  <  Mu\  and  Nu2  <  ^2u2, 
then  A)  <  At .  Moreover,  if  A2  =  A2  then  u\  is  a  scalar  multiple  of  u2. 

PROOF:  We  will  first  assume  that  M  is  a  u0-positive  operator.  Then,  since  uj  € 
T’\{0},  there  exists  a  /?i  >  0  so  that  jl/ui  <  0\uo-  But  AjUj  <  Mu\,  so  we  have 
that  Ajiij  <  0\uo  or  <  u0. 

Now  u2  €  'P\{0}  so  there  exists  an  ct2  >  0  so  that  q2ud  <  Mu2.  But  M  <  AT, 
so  Q2U0  <  Mu2  <  Nu2.  This  gives  us  that  q2(^-)ui  <  a2iz0  <  Nu2  <  A 2u2.  So 
<  A 2u2.  Thus  (u2  -  (du\ )  €  V,  where  (3  =  >  0. 
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By  Lemma  1.4,  there  exists  a  maximal  0O  so  that  (u2  —  /30ui)  £  V.  Now 


M(u2  —  /30ui)  =  Mxj-2  —  M(p0ui) 


<  Nu2  -  /?0A/Ui 


<  A2U2  —  0o\\Ui. 

Thus  (U2  —  /30(^)ui)  £  V.  So  by  the  maximality  of  0O  we  must  have  that  ^  <  1 
or  Aj  <  A2. 

Finally,  suppose  that  Ai  =  A2  ==  A.  From  above  we  have  that  (u2  — /?0ui)  £  V , 
where  /3a  is  the  maximal  scalar  given  to  us  by  Lemma  1.4.  If  (u2  —  P0u\)  —  0, 
then  we  are  done.  If  not,  then  there  exists  an  a  >  0  so  that  au0  <  M(u2  —  /30u  j). 
Now  from  above,  we  have  that  <  u„  so  that 

A  . 

c*—u\  <  au0 

Pi 

<  M{u2  -  PoU\) 

=  Mu2  —  (3o  M  U 1 

<  IV U 2  —  f3oMu\ 

<  Au2  ~  /?oAuj 

Thus  (112  —  PoUi  -  =  (u2  —  {Po  +  f~x)u\)  €  V.  But  >  0  contradicts  the 

maximality  of  {30.  Thus  we  must  have  that  u2  =  /30ui. 


When  we  started  we  assumed  that  M  was  the  uc-positive  operator.  If  N  is  the 
Uo-positive  operator,  then  the  proof  is  very  similar,  and  so  will  not  be  repeated. 
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Chapter  2 

Comparison  Theorems  for  a  Right  Disfocal 
Eigenvalue  Problem 


I)  INTRODUCTION: 

Let  n  >  1,  m  >  1,  k  a  fixed  element  of  {1, 2, . . . ,  n  —  1}  and  I  =  [a,  £>].  We 
define  the  linear  differential  operator  X,  by  Lit  =  u(n^  +  r(f)u,  where  u(t)  is  an 
m-column  vector  function,  and  r(f)  is  a  continuous  function  on  [a,  6].  Also  let 
P(i)  =  (P.j(<))>  Q(i)  =  ( QH  (t))  be  continuous  m  x  m  matrix  functions  on  [a,  6] 
and  let  ij,  for  1  <  j  <n  —  k  be  integers  such  that  0<ii  <  ii  <  •  •  •  <  in-k  £  n  —  1  • 
We  consider  the  two  point  right  focal  eigenvalue  problem: 

(1)  (— l)n-1Lu  =  \P(t)u 

Tu  =  0, 

where  Tu  —  0  denotes  the  boundary  conditions: 

u^(a)  =  0,  i  =  0, 1, . . . ,  k  —  1 
u(,j)(6)  =  0,  j  =  l,2,...,n  -  k. 

If  G(t,s )  is  the  Green’s  function  for  the  scalar  boundary  value  problem, 

(2)  (-ir-1ly  =  0 

Ty  =  0, 


where  Ly  and  Ty  are  as  above,  but  defined  appropriately  for  the  scalar  case, 
then  under  certain  sign  conditions  on  the  G(f,s)  and  conditions  on  P(t),  wc  can 
show  the  existence  of  a  smallest  positive  eigenvalue.  And  with  further  conditions 
on  P(t),  that  its  corresponding  eigenvector  is  essentially  unique  with  repect  to  a 
‘cone’.  We  also  have  comparison  results  for  the  eigenvalue  problems  (1)  and  (3), 

(3)  (-l)"-3Lu  =  AQ(t)u 

Su  =  0, 

where  Su  =  0  are  boundary  conditions  similar  to  those  above. 

Our  results  are  new,  even  in  the  scalar  case.  Our  technique  will  be  to  use 
the  theory  of  u0-positive  operators  with  respect  to  a  cone  in  a  Banach  space. 
We  then  will  use  sign  conditions  on  a  Green’s  function  and  then  appropriately 
define  an  integral  operator  which  will  map  a  cone  back  into  itself.  The  theory  of 
operators  acting  on  a  cone,  can  be  found  in  books  by  Krasnosel’skii  [12],  Deimling 
[2],  and  Guo  and  Lakshmikantham  [5].  Related  papers  include  those  of  Eloe  and 
Henderson  [3],  Gentry  and  Travis  [4],  Hankerson  and  Peterson  [6,7],  Ivrein  and 
Rutman  [13],  Keener  and  Travis  [10,11],  Kreith  [14],  Schmitt  and  Smith  [16], 
Tomastik  [17,18],  and  Travis  [19], 

II)  THE  GREEN’S  FUNCTION: 

In  this  section  we  give  sufficient  conditions  for  the  existence  and  give  an 
explicit  form  for  the  Green’s  function  for  our  problem  (2).  Also,  we  will  give 
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certain  sign  conditions  of  the  Green’s  function.  Some  of  these  sign  conditions  are 
new.  Theorems  2.1  and  2.2  and  Lemmas  2.3,  2.4  and  2.5  are  a  result  of  work  by 
Peterson  and  Riddenhour  [15].  We  present  their  work  without  proof. 

We  will  need  the  following  definition. 

Definition:  The  differential  equation  Ly  =  0  is  called  right  disfocal  on  an  interval 
I  if  there  does  not  exist  a  nontrivial  solution  y  of  Ly  =  0  and  points  1 1  <  < 

<  fn  €  I  such  that  =  0  for  i  =  1,2, . . .  ,n. 

We  will  also  need  to  introduce  some  notation.  For  each  fixed  s  in  the  inter¬ 
val  [a, b],  let  {y0{t,s),yi(t,s),. . .  ,y„_i(f,s)}  be  the  set  of  (linearly  independent) 
solutions  of  Ly  =  0,  satisfying  the  intial  conditions: 

y*7)(M)|t=*  =  6jk,  0  <  j,  <  n  —  1, 

where  Sjk  is  the  Kronecker-delta  function 

^  _  f  0,  for  j  ^  k 

1  1,  for  j  =  k. 

THEOREM  2.1.  Let  Ly  =  0  be  right  disfocal  on  [a,  6].  Then,  for  each  fixed  s  € 
[a,  b],  the  Green  s  function  for  (2)  exists  and  is  given  by,  for  a  <  t  <  s, 


0 

yt(f,a) 

yn-i(f,a) 

(-I)"-* 

G{<’5)  =  LJZT“ 

sh’.tM) 

y[-,l)(^o) 

•  yhi  (M) 

»i‘—: ’(»,«)  • 

Ifs  <  t  <  b,  then  we  replace  the  zero  in  the  first  row,  first  column  by  yn_i(/,s) 
with  everything  else  remaining  the  same. 
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In  the  above  formula,  D  is  given  by: 


vL+’iC*. a)  • 

D  = 

»!+.(».<•)  • 

yiVr’tM  • 

To  present  the  next  theorem,  we  need  to  consider  the  following  partition  of 
n-tuples.  We  will  say  that  (ii ,  ii, . . . ,  in)  <  (ji,j 2> • .  • ,  jn)  if  there  exists  an  integer 
m  such  that 

i)  tfc  =  jk  for  k  =  1, 2, . . . ,  m  -  1 
h)  jm 

hi)  ik  <  jk  for  k  =  m  +  1,  m  +  2, . . . ,  n. 

We  can  now  give  a  comparison  theorem  and  sign  conditions  on  the  Green’s 
functions  from  different  boundary  value  problems. 

THEOREM  2.2.  Let  Ly  =  0  be  right  disfocal  on  [a,  6],  and  suppose  that 

<  (ji,j2,'--,jn-k)  where  0  <  jx  <  j2  <  ■  •  •  <  jn-k  <  n  -  1.  If 
Gi1...in_k(t,s)  is  the  Green’s  function  for 

Ly  =  0 

y{i)(a)  =  0,  i  =  0,1 . k-  1 

y(,>\b)  =  0,  ;  =  l,2,...,n  -  fc, 
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and  Gu...jn_k(t,s)  is  the  Green’s  function  for 

Ly  =  0 

y('\a)  =  0,  i  =  0, 1 _ ,  k  —  1 

y{ii)(b)  =  0,  *  =  1,2, . . .  ,n  —  fc, 

then  G^)..in_k(t,s)  <  G\ *Ljn_k(t,s)  on  ( a,b )2  forp  =  0,1,..., fj. 

We  note  that  the  above  theorem  gives  us  a  sign  condition  on  G(t,  s).  Since  it  is 
well  known  that  Goi—n-fc-i(<»  s)  >  0  on  (a,  i>)2  we  have  that  if  (*i ,  *2, .  •  •  >  > 

(0, 1, . . . ,  n  —  k ),  then  Gil...i„_k(t,s)  >  0  on  (a,  6)2. 

The  above  two  theorems  are  proved  using  the  following  lemmas. 

LEMMA  2.3.  Let  L *  be  the  adjoint  operator  defined  by  L*z  =  z(n>  +  (  —  l)nr(t)z, 
corresponding  to  our  operator  Ly  =  y^  +  r(t) y.  Then  Ly  —  0  is  right  disfocal  if 
and  only  if  L*z  =  0  is  right  disfocal. 

Our  next  lemma  gives  a  relation  between  our  set  of  solutions  to  Ly  =  0  and 
a  set  of  solutions  to  I’;  =  0. 

LEMMA  2.4.  For  i  —  0, 1, . . .  ,n  —  1,  let  z((t,  s )  be  solutions  on  [a,  b],  to 

L'z  =  0 

r-j)(<,s)|t=»  =  6ij,  0  <  j  <  n  —  1. 

Then,  for  0  <  i,j  <  n  —  1,  we  have 
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for  all  t,s  6  [a,  b). 

This  lemma  is  proved  by  applying  the  Lagrange  identity  to  y,(t,r)  and 
rn_j_i(t,s)  and  evaluating  at  t  =  s  and  t  —  t. 

By  using  the  adjoint  realtions  of  Lemma  2.4,  it  is  easy  to  show  that  for  any 
fixed  t, 

(4)  (§-s)T{y(;\t,s)}  =  (--iry“lAt,s) 

on  [a,  b]  x  [a,  6]  for  0  <  i,  j  <  n  —  1,  0  <  r  <  j. 

The  next  lemma  is  a  crux  to  all  of  our  results. 

LEMMA  2.5.  If  Ly  —  0  is  right  disfocal,  and  y  is  a  nontrivial  solution  to  (2),  then 
y(t)  ^  0  for  all  t  £  (a,  6). 

This  last  lemma  is  proved  by  assuming  that  there  exists  a  to  6  (a,  6)  and  a 
nontrivial  solution  y,  to  Ly  =  0,  such  that  y(to)  =  0.  Then  using  the  bound¬ 
ary  conditions  with  a  Rolle’s  Theorem  argument,  one  can  contradict  Ly  =  0  is 
right  disfocal.  It  is  important  to  note  that  this  lemma  also  holds  for  the  adjoint 
equation. 

We  can  now  give  a  sign  condition  on  certain  derivatives  of  the  Green’s  function 
at  the  end  points.  To  establish  the  sign  condition  at  t  =  6,  we  need  a  bit  more 
notation.  Consider  our  boundary  conditions  at  t  =  b.  Suppose  that  >  0,  then 
we  define  k0  =  0.  If  ti  =  0,  then  we  define  fc0,  1  <  fc0  <  n  —  fc  to  be  such  that 
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ij  =  j  —  1,  for  j  =  1,2, . . . ,  k0  —  1  and  k0  <  U.+i  (if  k0  <  n  —  k).  So,  for  example, 
if  we  have  the  (n  —  £)-tuple  (1*1,12,  •  •  •  ,in-k )  =  (0, 1,2, 5, ,  in-k),  then  h0  =  3. 

THEOREM  2.6.  Let  Ly  =  0  be  right  disfocal  and  G(t,s )  be  the  Green’s  function 
for  (2).  Then  G  ^(a,  s)  >  0  for  all  s  €  (a,  b).  Further,  we  define  kQ  as  above,  then 
(-l)l,G^'*(l»,«)  >  0  for  all  s  6  (a,  6). 

PROOF:  We  will  first  show  that  >  0,  for  all  s  €  (a,  b).  After  taking  k 

derivatives  and  evaluating  at  t  =  a,  we  have  that  the  first  row  Rj,  of  G^  ( a,s )  is 

R-i  =  (0,y^)(a,a),y£$1(a,a),...  ,y!1t21(a,a))  =  (0,1,0,...  ,0).  Now,  define /(s) 

on  an  open  interval  which  contains  (a,  i]  by 

y(nl\(b.s)  y{‘l\(b,a)  ...  y^l\  (6,  a) 

yi-i(M  y(k+\(b,a)  ...  yi,l\(6la) 

yn-Ik)(M  y£!rr‘>(*.«)  •••  y«"T*)(6ia) 

So  we  have  that  G^(a,  s)  =  D — — /(s)  on  [a,  6].  Now,  we  can  show  that 

/(s)  7^  0  for  all  s  €  (a,  fc).  We  first  transform  /  into  its  equivalent  adjoint  form 
using  Lemma  2.4.  Then  /  satisfies  L*z  =  0  and  the  equivalent  adjoint  boundary 
conditions.  So  from  the  adjoint  form  of  Lemma  2.5,  we  have  that  f(s )  ^  0  for  all 
s  €  {a,b). 

Now,  consider  any  element  in  the  first  column  of  /.  By  using  (4),  we  have 
that  (^)J{yi-i(M)}U=6  =  (-lpyi'li-^M)  =  0,  for  0  <  j  <  (n  -  1)  -  i„_t 
and  i  €  {ij  ,Z2, . . . , (If  in-k  =  n  —  1  then  we  define  j  =  0.)  This  tells  us 
that  f(i\b)  =  0  for  0  <  j  <  (n  —  1)  —  Now,  letting  j  =  n  —  1  —  tn_*,  we 
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have  that 

vitv'^b)  s&r'iM)  •••  ylt-r\b,a) 

0  »<">(»,«)  ...  s&.Um) 

o  •/[+!(<*.»)  ...  vi-[(b,a) 

•  •  •  • 

1  ...  yi'zj  *>(6,«) 

yl'+i(b>a)  yl+l&o)  ••• 

Pk+i(*’a)  vl+l(ha)  •••  y  n-i(6,o) 

yi+r*)C**a)  yi+24)(6’a)  •••  y« "rfc)(ft-tt) 

It  is  a  standard  argument  to  show  that  the  above  determinant  is  positive.  This 
gives  us  that  (— 1)J(— l)n~k+1  f^\b)  >  0.  Now,  since  /M(6)  =  0,  for  0  <  i  <  j, 
we  can  use  a  Taylor  series  expansion  on  (— 1  )n~k+1  f(s),  about  b,  to  get  that 

(-i)B-*+7(*)  =  (-i)*-*+'fU)(b)(x-~  b)-  +  o((x  -  by+1). 

This  tells  us  that  for  a  sufficiently  small  6  >  0,  if  j  is  even,  then  (— l)n~k+l  f(s)  >  0 
for  all  s  E  (6  —  <5,  6).  If  j  is  odd,  then  (— l)n~k+1  f(s)  <  0  for  all  s  €  (6  —  6,  6),  or 
(— 1)J  {( — l)n~k+1  f(s)}  >  0  for  all  s  €  (6  —  6,6).  In  either  case,  for  a  small  enough 
6,  we  have  that  (  —  l)n~k+*  f(s)  >  0  for  all  s  6  (6  —  6,6).  But,  we  have  already 
shown  that  /  is  of  one  sign  on  (a,  6).  Thus  (— l)n-*+1/(5)  >  0  for  all  s  €  (a,  6). 
This  gives  us  that  G(k^(a,s)  =  +~f(s)  >  0  for  all  s  6  (a,  6),  and  so  the 


=  (-l)J(-l)"-*+1 


=  (~iy 


=  (-1  )J 


first  part  of  our  theorem  is  proved. 
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To  prove  our  sign  condition  at  t  =  f>,  we  suppose  that  =  0  and  k0  is  defined 
as  before.  We  define  the  function  /  on  an  open  interval  containing  [a,  b]  by 


»£!(&.«) 

vi‘L\(b,a) 

li-r'ty.") 

By  defining  /  in  this  manner,  we  have  that  G  ^ ko\b,s )  =  — f(s)  for  s  €  [<2,  6]. 

Like  before,  we  show  that  /(s)  ^  0  for  all  s  €  (a,  b )  by  first  transforming  /  into 
its  equivalent  adjoint  form  using  Lemma  4.  Then  /  satisfies  L*z  —  0  and  the 
equivalent  adjoint  boundary  conditions.  So  from  the  adjoint  form  of  Lemma  5, 
we  must  have  that  f(s)  ^  0  for  all  s  €  (a,  b). 

Consider  any  element  in  the  first  column  of  /.  By  using  (4),  we  have  that 


/to- 


C-1) 


n  —  k 


D 


=  (-1  yv':L,-j(b,b)  =  0, 


(>) 


ds 


for  0  <  j  <  (n  -  1)  -  i„-k  and  i  €  {*i , *2,  —  *«—*}•  (If  *n-t  =  n  -  1  then  we 
define  j  =  0.)  This  tells  us  that  f^\b)  —  0  for  0  <  j  <  (n  —  1)  —  in-k- 


Now 
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letting  j  =  (n  — 

1)  -  i„_*,  we 

have  that 

o  1 

iS-,5 

y[k'\b,a) 

/“>(&)  =  (-1)' 

y[n){b,a) 

vilr/’tM) 

y{kn~k\b,a) 

••• 

=  (-1  )J 


0  ykM(M)  •••  Vnll  (M) 


(*.)/ 


o  yl"\t>,a)  •••  y«Ii  (6,  a) 


(»i) 


=  (-iy'(-i) 


1  y<''— >(&,«)  ... 

y*fc,)(M  y*+i 
y*l)(M  y*+i(M 


n  —  Jc 


l/i’-l  (&><*) 


vl';r,)(«,a)  ...  Sri^VM) 


yl+!(6.“) 

...  vi'ii(4.<i) 

•  ••  vi-i(M) 

y&’tM 

... 

vl+i’t.o) 

•  vi-i(4.<0 

•••  yLVl)(M) 

v'j'-'Hi.a) 

vl+r'^.o) 

Now,  from  our  construction  of  fc0,  we  have  that  i*.  <  k0  <  ik „ ,  so  again  from 
a  standard  argument  we  have  that  the  above  determinant  is  strictly  greater  that 
zero.  This  gives  us  that  (— 1)J(— l)n_fc(— l)fc,/(J)(6)  >  0.  Now,  since  /(,)(6)  =  0, 
for  0  <  i  <  y,  we  can  again  use  a  Taylor  series  expansion  on  (— 1  )"”*(  — l)fc,/(s), 
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about  fc,  to  get 

(_l)n-*(_l)*./(5)  =  (-l)"-fc(-l)fc«/(j)(fc)-~,6)-J  +  °((x  ~  b3+l))- 

From  this  we  can  again  see  that  for  6  >  0  sufficiently  small,  that  if  j  is  even, 
then  (— l)n-fc(— l)k*  f(s)  >  0.  If  j  is  odd,  then  (  — l)n-fc(  — l)fc#/(s)  <  0  for  all 
s  £  (b  —  6, 6),  and  so  (— 1)J{(— l)n-fc(— 1)*#  f(s)}  >  0.  In  either  case  we  have  that 
(— l)n-fc(— l)i,/(s)  >  0  for  all  s  €  (b  —  6,b)  for  small  enough  6.  But,  we  have 
already  shown  that  /  is  of  one  sign  on  (a,  b ).  Thus  (—l)n~k(—l )k*  f(s)  >  0  for  all 
s  €  (a,  b).  This  gives  us  that  (— 1)*»  (b,s)  =  — (— 1  )k°  f(s)  >  0  for  all 

s  €  (a,  6),  and  so  our  theorem  is  proved. 

IV)  EXISTENCE  AND  COMPARISON  RESULTS: 

We  will  now  introduce  a  suitable  Banach  space  for  our  eigenvalue  problem 
(1).  Recall  that  the  boundary  conditions  Tu  =  0,  for  u  an  m-column  vector,  are 
u(,)(a)  =  0,  for  i  =  0,  l,...,fc  —  1,  and  u^l>\b)  =  0,  for  j  —  1, 2, . . . ,  n  —  k,  where 
0<*i  <  <  •  •  •  <  in—k  <  n  —  1.  First,  let  us  suppose  that,  z'j  ^  0.  When  z’j  ^  0, 

we  will  denote  these  boundary  conditions  as  Tj  u  =  0. 

We  now  introduce  the  Banach  space 

B i  =  {u  6  Cn([a,6],ftm)|u(,)(a)  =  0,i  =  0,l,...,fc  -  1} 

with  norm  ||it||  =  maxo<,<n {max^j,]  )| }  where  j  •  j  is  the  Euclidean  norm. 
Following  ideas  from  Hankerson  and  Peterson  [5,  6],  and  Tomastik’s  paper  [13], 
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we  let  I,  J  C  {1,2, .. .  ,m}  be  such  that  JU  J  =  {1,2, .. .  ,m}  and  JR  J  =  0.  (It  is 
permissible  for  I  =  0  or  J  =  0.)  Let  K,  be  the  ‘quadrant’  cone  in  7Zm  defined  by 

AC  =  {x  =  (xi, . . .  ,i„t)  |x,  >  0  if  i  £  /,  Xi  <  0  if  i  £  J}- 

Although  some  of  our  results  will  hold  for  any  solid  cone  in  TZm ,  we  will  just 
concern  ourselves  with  AC  being  a  ‘quadrant1  cone  in  7lm.  Define  6i  to  be  the 
discrete  function  6,  =  1  if  i  6  /,  and  <5,  =  —  1  if  i  €  J.  We  can  then  equivalently 
define  the  cone  K,  to  be  K,  =  {i  €  TV11  \  6{Xi  >  0  for  i  =  1,2,  This 

also  allows  us  to  define  the  interior  oi  fc  as  K.°  =  {x  £  TZm  |  6iXi  >  0  for  i  = 
1,2,...  ,m}. 

We  now  define  the  reproducing  cone  V\  C  by  —  {u  €  B\  |  u(t)  £  K,i  6 
[a,  b\).  This  gives  us  the  following  Lemma  concerning  the  interior  of  our  cone  V\. 

Lemma  2.7.  Let  the  cone  V\  in  the  Basiach  space  B i  be  defined  as  above.  Then 
the  interior  of  is  given  by 

V\  =  {u  6  Bi  |  u(t)  G  A (a,  6]  and  uU)(a)  £  A C0}, 
or  equivalently 

V\  =  {u  £  B\  1 6{Ui(t)  >  0,  t  £  (a, 6]  and  6jujk\a)  >  0,  i  =  1,2, ...,m}. 


PROOF:  Let  Q  =  {u  £  Bi  |u(t)  £  K°,  t  £  (a, 6J  and  u^(a)  €  K.0}.  First  we  will 
show  that  Q  C  V°.  Let  u  be  an  arbitrary  element  of  Q,  so  we  want  to  find  an  t  >  0 
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so  that  the  bail  £(u;  e)  C  V\ .  For  a  vector  function  x(t)  on  [a,  /?]  C  [a,  6]  we  define 
the  distance  function  d[Q  /3](x(t),  dK)  to  be  the  distance  between  the  function  x(t) 
on  [a,  /?]  and  the  boundary  of  the  cone  dK.  Let  e\  =  |d[Bij](u^(a),  dK,),  so  we 
have  that  €\  >  0  since  u^k^(a)  G  K°.  Now  u(k)  is  a  continuous  function,  so  there 
exists  a  6  >  0  so  that  u^k\t)  G  £(u^1(g);£ i)  C  7^m,  for  ail  t  G  [a,a-f  6].  We  note 
that  this  gives  us  that  dK)  >  £j. 

Thus  we  have  that  u(t)  G  K°  for  ail  t  G  [a  +  6,6].  Then,  if  we  now  let 
£2  =  |d[a+£  6](t*(t),  d£)  we  also  have  that  £2  >  0  since  the  graph  of  u(t),  which  is 
compact  on  [a  +  6, 6],  and  dK  do  not  intersect.  We  note  that  in  this  case,  we  have 
that  d[a+0](u(t),d£)  >  £2- 

Let  £  =  mm{£i,£2}  >  0.  Then  we  have  that  B(u\s)  CV\.  To  show  this,  we 
let  z  G  £(u; £).  Then  ||z  — u||  <  £  so  in  particular  we  have  that  |z^(a)  —  u^(a)|  < 
£1  =  |d[a,6](u(i)(a), dK).  This  tells  us  that  z^(a)  G  K°.  Now  ||z  —  u||  C  £  also 
tells  us  that  <  £  for  all  t  6  [a,  a  +  8).  This  gives  us  that 

z^(t)  €  K°  for  all  f  £  [a,a  +  6].  If  this  were  not  so,  then  since  z^(a)  G  K°  and 
z<*>  is  continuous,  there  would  exists  aie  £  [a,a  +  6]  so  that  z^k^(t0)  G  dK.  But 
from  the  note  above  we  know  that  d[a,0+«)(u^(t),  dK)  >  >  £.  This  gives  us 

that  Jz^^(to)  —  >  £  which  is  a  contradiction.  Thus  z^(t)  G  K°  for  all 

<  G  [a,a  +  6]. 

/  L\ 

Now,  this  last  statement  tells  us  that  for  i  =  1,2 , . . . ,  m,  6,z,  (t)  >0  for  all 

<  G  [a,o  +  8\.  Thus  is  a  strictly  increasing  function  on  [a, a  +  6]  with 
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^(a)  =  0  for  each  i.  Hence  we  have  that  8{z\k  ^(f)  >  0  for  all  t  6  (a,  a  +  6], 

/  L  o\ 

for  i  =  1,2,  Thus  6,-z)  ’(t)  is  strictly  increasing  on  (a,  a  +  6],  with 

8iz\k  2\a)  =  0  f°r  each  i.  Thus  8iz\k  2\t )  >  Oon  (a,c  +  <$]  for  each  i.  Hence,  for 

/L,_ 

each  i  =  1, 2, . . . ,  m,  we  have  that  <$,2)  \t)  is  strictly  increasing  on  (a,  a  +  <f>]  with 

8\z\  '(a)  =  0.  Continuing  in  this  manner,  we  eventually  come  to  the  conclusion 

that  z(t)  £  K  for  t  £  (a,  a  4-  6]. 

Also,  we  have  that  jzr(t ) — u(t)|  <  £  <  £2  for  all  t  £  [a+6,  £>].  Thus,  z(t)  £  dK  or 
else  we  contradict  £2  <  d[a+s,b](u(t)i  Since  z(a-f  8)  £  K°  and  z  is  continuous, 
we  must  have  that  z(t)  £  K°  for  all  t  £  [a  +  6,  fe] 

Thus  z[t)  £  K  for  all  t  £  [a,  6].  But  this  means  that  z  £  V 1,  and  since  2 
was  an  arbitrary  element  of  B(u\e),  we  have  that  B(u-,e )  C  V\.  But  u  was  an 
arbitrary  element  of  Q  and  we  found  an  £  >  0  so  that  B(u\e)  C  V\.  Thus  we 
have  that  Q  C  V°. 

We  now  show  that  V\  C  Q.  Let  u  be  an  arbitrary  element  of  V\.  Suppose 
there  exists  a  t0  6  (a,  6]  so  that  u(t0)  £  dK.  This  give  us  that  there  exists  a 
component  of  u,  say  it*.,  so  that  Ui9(t0)  =  0.  Considering  the  scalar  equation, 
u«.(0  >  0,  it  can  be  seen  that  for  any  £  >  0,  since  8{t  Ui,(t0)  =  0,  we  can 
find  a  function  <5,. zI# (t)  £  B(8iaUi0;e)  so  that  <5t.  2, .(£<>)  <  0.  If  we  let  the  vector 
function  z(t)  equal  u(t )  in  each  component  except  in  the  i„  slot,  and  then  in  that 
slot  let  (z(t)),o  =  Zi0(t),  then  z  £  B(u;e).  But  z(t0)  £  K  since  <5,. 2,„ (t0)  <  0. 
Thus  z  £  V j.  Now  z  was  based  on  £  >  0.  Thus,  for  any  £  >  0  we  can  find  a 
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z  £  B(u;  e)  and  z  £V i.  This  contradicts  u  £  V°.  Thus  u(t)  €  AC0  for  all  t  £  (a,  b). 

Now  suppose  u(*)(a)  ^  A C°.  So  there  exists  an  i  so  that  6iu\k\a)  <  0.  Then 
for  any  e  >  0  we  can  find  a  z  £  B(u;e)  so  that  Siz\k\a)  <  0.  Thus  Sjzf1'*  is 
strictly  decreasing  at  a.  We  have  that  z\  '(a)  =  0  so  we  can  find  a  <5  >  0  so 
that  Sizjk~1\t)  <  0  for  any  t  £  (a,a  +  6].  Thus,  SjZ^k~2^  is  strictly  decreasing  on 
(a,  a  +  6]  and  6iZ^k~2\a)  =  0.  Hence  SiZ^k~2^(t)  <  0  for  all  t  6  (a,  a  +  £].  Like 
before,  by  continuing  in  this  manner  we  come  to  the  conclusion  that  z{t0 )  £  AC 
and  so  z  ^  V\,  which  contradicts  u  £  V°.  Thus  we  must  have  that  u^(a)  €  AC0. 

So  if  u  £  V°  we  have  that  u(t )  €  )C°  for  all  t  £  (a,  6],  and  also  that  £ 

AC°.  Thus  u  £  Q,  and  since  u  was  an  arbitrary  element  of  T°  y  we  have  that 
V°  C  Q.  Thus  our  lemma  is  proved. 

Now  let  us  suppose  that  i\  =  0.  We  will  denote  these  boundary  conditions 
as  Tqu  =  0.  As  in  the  last  section,  let  ka,  1  <  h0  <  n  —  k,  be  such  that  ij  =  j  —  1 
for  j  =  1,2,  k0  —  1  and  u#_i  <  k0  <  i*.  (if  k0  <  n  —  k). 

We  now  introduce  the  Banach  space 

B0  =  {u£  C"([a,&],ftm)|u(,>(a)  =  0,  ,0  <  i  <  k-  1,  u{i){b)  =  0,  0  <  i  <  Jfc.-l}, 

with  norm  ||u[|  =  maxo<i<n{nrax[ai{,]  |u^(<)|}  where  |  •  |  is  the  Euclidean  norm. 

We  now  define  the  reproducing  cone  Vo  C  Bo  by  Vo  =  {u  £  Bo  |  u(t)  £  AC,  t  £ 
[a,  6]}.  We  also  have  a  lemma  concerning  the  interior  of  this  cone  To- 

Lemma  2.8.  Let  the  cone  Vo  in  the  Banach  space  Bo  be  defined  as  above.  Then 
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the  interior  of  Vo  is  given  by 

V°o  =  {u  €  B0\u(t)  €  K°,  t  G  (a,b),  u^k\a)  G  K° ,  and  (-1)** «<*•>(&)  €  K°} 
or  equivalently 

Vo  =  {u  €  B0  j  £,«,(<)  >  0,  t  €  (a,  b),  Siu\k)(a )  >  0,  and 
(-l)fc**iujfc,)(6)  >  0,  1  <  i  <  m}. 

Proof:  The  proof  of  this  lemma  is  very  similiar  to  the  proof  of  Lemma  2.7.  Let 
Q  =  {«  €  5o  |<W<)  >  0,  t  G  (a,  6),  ^u^a)  >  0,  (-!)*•  >  0,  1  <  *  < 

m}.  First  we  will  show  that  Q  C  Vq.  Let  u  be  an  arbitrary  element  of  Q,  so  we 
want  to  find  an  e  >  0  so  that  the  ball  J5(u;e)  C  V\.  Now,  from  the  argument  in 
Lemma  2.7,  we  see  that  if  we  let  £\  =  |d[0it](u^^(a),  dK)  >  0,  then  there  exists  a 
«5i  >  0  such  that  u^k\t)  G  B(u^k\a);e i)  C  7£m,  for  all  t  G  [a,  a  +  ]. 

If  we  let  £2  =  ^d[aii]((— l)fc>  u(fc*)(&),  d£)  >  0,  then  there  exists  a  62  >  0  such 
that  (— 1  )*0i/*°)(t)  6  5((— 1)** u^k\a); £2)  C  7£m,  for  all  t  G  [6  —  62,6].  We  note 
that  this  gives  us  that  —  1)**  dK.)  >  £2- 

Since  u(t)  G  K°  for  all  t  G  [a  +  <5] ,  6  -  <52]  if  we  let  £3  =  |d(a+«i,t-«j](tt(t),c?£), 
then  we  have  that  £3  >  0  since  the  compact  graph  of  u(t)  on  [a  +  S\,  b  —  <$2],  and 
dK  do  not  intersect. 

Let  £  =  mm{£i,£2,£3}  >  0.  Then  we  have  that  B(u\£ )  C  TV  To  show  this, 
we  let  z  G  B(u\£).  Then,  similiar  to  the  arguments  in  Lemma  2.7,  we  have  that 
z(t )  G  K  for  all  t  G  [a,  b  —  £],  for  some  6  >  0. 
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Also,  since  \\z  —  u||  <  £,  we  have  in  particular  we  have  that  — 

u(fc,)(6) |  =  |(  — — (  — l)fc<>  u^A,^(6)j  <  £2-  Then  since  (— 1)*° u^ko\b)  £ 
and 

£2  =  §c?[o,6]((  —  l)fc*  tx(A=o)(6), 5AT)  >  0,  we  have  that  (— l)*,r(k,)(6)  £  A C°. 

Now  || z  —  u||  <  £  also  tells  us  that  |(  —  l)**z(*«)(t)  —  ( —  1  )*•  ^ (t )|  <  £  for 

all  t  £  [6  —  62,6].  This  gives  us  that  (— 1  )k,z^k*^(t)  £  fC°  for  all  t  £  [6  —  62,6].  If 
this  were  not  so,  then  since  (— l)fc* z^k,\b)  £  fC°  and  (— l)fc° is  continuous, 
there  would  exists  a  t0  £  [b  —  62,6]  so  that  (— l)**  z(ka\t0)  €  dJC.  But  from  the 
note  above  we  know  that  d[b-67,b]((— l)k°u^k\t),dlC)  >  £2  >  £.  This  gives  us  that 
|2(fc<,)(t0)  -  u(fc<,)(to)|  >  £  which  is  a  contradiction.  Thus  (-l)fc# z^km\t)  £  JC°  for 
all  t  £  [6-6,6]. 

This  last  statement  tells  us  that  for  i  =  1,2, ...  ,m,  6,(— 1)*#  z\k* >  0  for 
all  t  £  [6  —  6,6].  Now,  since  zj^(b)  =  0  for  j  =  0, 1, . . . , kD  —  1,  i  =  1,2, ...,m, 
we  can  use  a  Taylor  series  argument  (as  in  the  proof  of  Theorem  6),  to  show  that 
6i-,(t)  >  0  for  all  t  £  [6  — 62, 6],  i  =  1,2, . . .  ,m.  Hence  z(t)  £  K.  for  all  t  £  [6—62,  6]. 

Combining  our  cases  we  have  that  z(t)  €  K  for  all  t  £  [a,  6],  But  this 
means  that  z  £  Vo ,  and  since  z  was  an  arbitrary  element  of  B(u\e),  we  have 
that  B(u]e)  C  Vo.  But  u  was  an  arbitrary  element  of  Q  and  we  found  an  £  >  0 
so  that  Z?(u;£)  C  V\.  Thus  we  have  that  Q  C  Vq. 

We  now  show  that  Vq  C  Q.  Let  u  be  an  arbitrary  element  of  Vq.  Now, 
following  arguments  similiar  to  the  ones  in  Lemma  7,  we  see  that  u(t)  £  for 
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all  t  €  (a,  b),  and  that  u^k\a)  £  K° . 

Now  suppose  (  —  l)k*u^ke\b)  ^  K.°.  So  there  exists  an  i  so  that 
6i(— l)k*u(k,)(b)  <  0.  Then  for  any  e  >  0  we  can  find  a  z  £  B(u\e)  so  that 
6j(— l)fc,zt-fc,^(f>)  <  0.  Now,  z\*\b)  =  0  for  j  =  0,1,..., k0.  So,  again  using  a 
Taylor  series  argument,  we  can  show  that  6{Zi(t)  <  0  on  (b  —  6,  b )  for  a  sufficiently 
small  8  >  0.  But  then  z(t)  ^  K.  for  t  £  (b  —  6,  b)  which  tells  us  that  z  £  V o-  This 
contradicts  u  £  Vq.  Hence  we  must  have  that  (— l)k‘u^k°\b)  £  K.°. 

So  if  u  €  Vq  we  have  that  u(f)  £  fC°  for  all  t  £  (a,  6),  and  also  that  td*)(a)  £ 
fC°  and  (— l)fcotd*o)(6)  £  K° .  Thus  u  £  Q,  and  since  u  was  an  arbitrary  element 
of  Tq,  we  have  that  Vq  C  Q.  Thus  our  lemma  is  proved. 

With  our  Banach  spaces  and  cones  suitable  defined,  we  can  now  proceed  on 
to  our  first  existence  result. 

Theorem  2.9.  Let  Ly  =  0  be  right  disfocal,  and  assume  that  8i6jPij(t)  >  0,  for 
t  £  [a,  b],  1  <  i,j  <  m,  and  that  there  is  a  t0  €  [a,  6]  such  that  Pi,i,{t0)  >  0.  Then 
for  eigenvalue  problem  (1) 

(-1)""1  Lu  =  A  P(t)u 

T\u  =  0,  (so  ( i\  >  0), 

there  exists  an  eigenvector  z0  £  Pi  with  corresponding  positive  eigenvalue  A0 
which  is  a  lower  bound  for  the  modulus  of  any  other  eigenvalue  for  the  corre¬ 
sponding  problem. 
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PROOF:  To  solve  this  problem,  we  will  seek  the  eigenvalues  of  the  linear  integral 
operator  M :  G\  — »  B\  defined  by 

Mu(t)  =  J  G(t,s)P(s)u(s)  ds,  a<t<b, 

where  G(t,  s)  is  the  Green’s  function  for  (2).  Now  the  eigenvalues  of  the  boundary 
value  problem  (1)  axe  reciprocals  of  the  eigenvalues  of  the  operator  M.  We  note 
that  zero  is  not  an  eigenvalue  of  (1)  since  Ly  =  0  is  assumed  to  be  right  disfocal. 

Now  an  argument  using  the  Arzela-Ascoli  Theorem  shows  that  M  is  a  com¬ 
pact  operator.  We  now  show  that  M :  V\  — ►  V\ .  Let  u  be  an  arbitrary  element 
of  V\ .  If  we  can  show  that  6,(Mu(<))i  >  0  for  all  t  G  [a,  6],  t  =  1, 2, . . . ,  m,  then 
Mu  e  V\.  Consider  the  i'tA  component  of  P(t)u(f),  (P(t)u(t)).=  p.>(t)uj(t). 

Now  SjSj  —  1,  and  6jUj(t)  >  0  so  we  have  that  for  all  t  €  [a,  6], 

m 

WMm  =  £ 

>= 1 

since  6i6jpij(t )  >  0  by  hypothesis.  From  the  note  following  Theorem  2.2,  we  have 
that  G(t,s )  >  0  on  (a,  6)  x  (a,  b).  Thus 

/b  m 

G(t,s )  y]  6j6jPij(s)6jUj(s )  ds  >  0, 

;=i 

for  t  €  [a,  6],1  <  i  <  m  and  so  Mu  €  V\.  Since  u  wais  an  arbitrary  element  of  V\ , 
we  have  that  M  is  a  positive  operator,  that  is  M :  V\  — ►  V\ . 

In  order  to  apply  Theorem  1.6,  we  must  find  a  nontrivial  ue  €  Pi,  and 
an  £0  >0  so  that  Mu0  >  e0u0.  Let  u0(t)  =  (l]°'  6,,,e,. ,  where  is  the 
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unit  vector  in  7£m  in  the  t0  direction.  We  note  that  u  6  B\.  Now  the  jth 
component  of  u0{t)  is  u0j(t)  =  <$..<!>..>,  where  8,j  is  the  Kronecker  delta 

function.  Thus  6jU0j(t)  =  ^  ^ '  }^«. >  >  0,  so  °o  £  V\.  We  have  that 

*».  «•«.(*)  =  >  °>  °n  (a’&] and  that  = 1  >  °- 

We  now  consider  Mu0(i).  Since  M\V\  — ►  V\,  we  know  that  8j(Mu0)j{t)  > 
0  =  6ju0j(t )  for  1  <  j  <  m,  j  /  t0.  When  j  =  i0  we  have  that 

-6 

Ja  j= l 

=  J  G(i,s)6iJiapi0i'(s)6l0u0i.(s)ds 

=  Ja  G^'S^Pi»i*^S  kT'~dS 

>  0,  for  t  €  (a,  6], 

since  by  Theorems  2.2  and  2.6,  G(t,  s)  >  0  for  <  €  (a,  &],  s  6  (a,  &),  and  p,,i.  (<0)  > 
0,  Pi0i0  continuous.  So  we  have  that  ^,(Mu0)i,(t)  >  0  for  all  t  €  (a,  b]. 

Now,  Theorem  2.6  tells  us  that  G^k^(a,s)  >  0  for  all  s  €  (a,  £>),  so  we  can 
see  from  above  that  6I#(Mu0)-^(a)  >  0.  Hence,  we  can  find  an  £j  >0,  suffi¬ 
ciently  small,  so  that  8ia(Mu0)\^\a)  —  t\ bi,u^(a)  >  0.  Now  — 

=  f°r  j  =  0,  l,...,fc  —  1.  Thus  we  can  find  a  8  >  0  so  that 
6i,(Mu0)i,(t )  -  £i8i,uoi'(t )  >  0,  for  all  t  €  [a, a  +  8]. 

Now  both  6im(Mu0)i0(t)  and  8imuQia(t)  are  positive  on  [a  +  5, b\  so  we  can  let 

_  aiin[a+6<i]{6i,(Mug)i,(t) 
max[fl+«tfc](6i.uol.(t) 
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This  gives  us  that  5i,(Mu0)it(t)  —  £2^t.u0i#(<)  >  0,  for  al!  t  €  [a  +  <5, 6]. 

Finally,  letting  £0  =  min{£i,£2}  we  have.that  ^,(Mu0)i,(<)  —  £oSi0uai,  (t)  > 
0,  for  all  t  £  [a, 6].  This  gives  us  that  Mu0  >  £0u«  with  respect  to  the  cone  V\. 
By  applying  Theorem  1.6,  the  conclusions  of  our  theorem  follow. 

We  have  a  parallel  theorem  in  the  case  that  »i  =  0. 

THEOREM  2.10.  Let  Ly  =  0  be  right  disfocal,  and  assume  that  6i6jPij(t)  >  0,  for 
t  6  [a,  b],  1  <  i,j  <  m,  and  that  there  is  a  t0  €  [a, 6]  such  that  Pi0i,(t0 )  >  0.  Then 
for  eigenvalue  problem  (1) 

(-I)”"1  Lu  =  \P(t)u 

Tqu  =  0,  (so  11=0), 

there  exists  an  eigenvector  z0  €  Vo  with  corresponding  positive  eigenvalue  A0 
which  is  a  lower  bound  for  the  modulus  of  any  other  eigenvalue  for  the  corre¬ 
sponding  problem. 

PROOF:  Like  before,  we  solve  this  problem  by  seeking  the  eigenvalues  of  the  linear 
integral  operator  M :  Go  —< >  B0  defined  by 

Mu(t)  =  J  G(t,s)P(s)u(s) ds,  a<t<b , 

where  G(t,  s)  is  the  Green’s  function  for  (2),  under  the  boundary  conditions  T0y  = 
0.  Again,  the  eigenvalues  of  the  boundary  value  problem  (1)  are  reciprocals  of  the 
eigenvalues  of  the  operator  M,  and  we  note  that  zero  is  not  an  eigenvalue  of  (1) 
since  Ly  =  0  is  assumed  to  be  right  disfocal. 
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Now,  an  argument  identical  to  the  one  in  the  proof  of  Theorem  2.9,  shows 
that  our  compact  operator  M  maps  Vo  into  Vo. 

In  order  to  apply  Theorem  1.6,  we  must  find  a  nontrivial  u0  €  Vo ,  and  an 
£0  >  0  so  that  Mu0  >  £0Uo-  In  this  case  we  let 


Uo(t) 


=  /,x*.  (*  -  g)k  ( j  -  &)*•  c 
^  fc*  u  i  "*• 

rv  •  rvo 


ei.> 


where  e<0  is  the  unit  vector  in  71 m  in  the  i0  direction.  We  note  that  u  &  B0.  It  is 
easy  to  see  that  6j  times  the  j  th  component  of  u0{t)  is  nonnegative.  Hence  u0  €  TV 
We  also  have  that  <5,,  u01.  (2)  >  0  on  (a,  b )  and  that  <5,,  (a)  =  (  —  l)fc°  >  0, 

and  «<;>(&)  =  ^>0. 

We  now  consider  Mu0(t).  Since  M:  V o  — ►  Vo ,  we  know  that  6j(Mu0)j(t)  > 
0  =  6jU0j(t )  for  1  <  j  <  m,  j  7^  i0.  When  j  =  i0  we  have  that 

=  J  G(MK, .«(-!)*• (*  ^ia)-  (‘" t  >  °. 

for  i  6  (a,  6)  since  by  Theorems  2.2  and  2.6,  G(i,s)  >  0  for  t  G  (a,  6),  s  6  (a,  6), 
and  p»,i. (<o)  >  0,  pi.i .  continuous.  So  we  have  that  ^i,(Mu0)i,(<)  >  0  for  ail 
t  €  (a,  6). 

Now  similar  to  the  proof  of  Theorem  2.9,  we  can  find  an  e\  >0,  and  a  >  0, 
so  that  6i'(Mu0)i,{t)  —  £i ^,u0i,(<)  >  0,  for  all  t  €  [a, a  +  <$]. 

Also,  Theorem  2.6  tells  us  that  (—!)*•  G^k*^(b,s)  >  0  for  all  s  €  (a,  6),  so  we 


44 


can  see  from  above  that 


•/  a 


t,  (*  -  q)fc  (<  -  ?>)*• 
Jfc!  fco! 


<fs 


>  0. 


Thus,  there  exists  an  £2  >  0  so  that  (—l)k,Sia(Mu0)^\b)  —  C2(—l)k*Situ^(b)  > 
0.  Now  (~l)k'6i.(Muo)\i\b)  -  £i(-l)k9 Simu(J^(b)  =  0,  for  j  =  0,1,... ,&0  - 
1.  Thus  by  using  a  Taylor  series  expansion,  we  can  find  a  62  >  0  so  that 
6ia(Mu0)i'(t)  -  e26itUoi'(t)  >  0,  for  all  t  6  [6-  (52,6]. 

Now  both  6i0(Mu0)i0(t )  and  6j.u0»0(<)  are  positive  on  [a  +  61,  b  -  62]  so  as 
in  the  proof  of  the  last  theorem,  we  can  find  an  £3  >  0  so  that  (Mu0)i0  (t)  — 
£2 6ic  tt0 (<)  >  0,  for  all  t  €  [a  4-  £1 ,  b  —  62]- 

Finally,  letting  e0  =  min{£i,£2,£3}  we  have  that 
bi,{Mu0)ia(t )  —  £0 biBu0ia(t)  >  0,  for  all  t  6  [a, b].  This  gives  us  that  Mu0  >  £«> u0 
with  respect  to  the  cone  Vo-  By  applying  Theorem  1.6,  the  conclusions  of  our 
theorem  follow. 


If  we  have  stronger  conditions  on  P(t ),  we  get  better  results.  Again  we  will 
have  parallel  theorems. 

Theorem  2.11.  Let  Ly  =  0  be  right  disfoc aJ  on  [a,b]  and  assume  >  0, 

1  <  hj  <  m,  for  all  t  £  [a,  6],  and  p,;  equals  zero  only  on  a  set  of  measure  zero. 
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Then  for  the  eigenvalue  problem  (1), 

(-1)""1  Lu  =  \P(t)u 

Tiu  =  0,  (so  t'i  >  0), 


there  exists  an  essentially  unique  eigenvector  z0  in  V° ,  and  its  corresponding 
eigenvalue  is  simple,  positive  and  smaller  then  the  modulus  of  any  other  eigenvalue 
for  this  eigenvalue  problem. 


PROOF:  As  in  the  last  proof,  we  define  the  compact  linear  integral  operator  M 


Mu(t)  =  J  G(t,s)P(s)u(s)ds , 


where  G(t,s)  is  the  Green’s  function  for  (2).  We  wish  to  show  that  M  is  a  u0- 


positive  operator  so  that  we  can  apply  Theorem  1.8.  To  do  this,  we  will  show  that 
M :  'Pj\{0}  — ♦  VI  and  then  apply  Lemma  1.5. 

Let  u  be  an  arbitrary  element  in  ^i\{0}.  Then,  there  exists  an 
io  €  {1,2, and  a  t0  €  (a,  6),  so  that  6i0UiB(i0)  >  0.  (By  the  continuity 
of  UiB  we  can  assume,  without  loss  of  generality,  that  t0  6  (a,&)-)  Since  u;o  is 
a  continuous  function  we  have  that  there  exists  an  interval  to  the  right  of  t0  on 
which  6itUio  is  positive. 


Now  for  each  i  =  1,2, >  0,  puB  is  continuous  and  zero  only 
on  a  set  of  measure  zero.  Thus,  for  each  i,  we  can  find  an  interval  to  the  right  of 
to,  on  which  each  6,8icpnB  is  positive.  Taking  the  intersection  of  these  m  +  1  right 
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intervals,  we  have  an  interval  (aj)  C  [a,  6]  such  that  >  0,  for 

all  t  €  (a,/?),  i  =  1,2,  Thus,  since  G(t,s)  >  0  for  all  t  G  (a,  6],  5  6  (a,  b) 

by  Theorem  2.2  and  Theorem  2.6,  and  since  by  hypothesis  6i6i,pu,  >  0,  we  have 
that  for  each  i  —  1, 2, . . . ,  m, 

/b  m 

G(t,s)6i  \'pij(s)uj(s)ds 

1 

/b  m 

E  ^jPij(s)6jUj(s)ds 
>  f  G(t,s)Si6iopiil)(s)6ieuio(s)ds 

J  a 

>  0. 

Thus  we  have  that  6<(A/u),(t)  >  0  for  all  t  €  (a,  b).  But  this  gives  us  that 
Mu(t)  e  K.°  for  all  t  €  (a,  6]. 

Now  we  also  know  by  Theorem  2.6  that  G^k\a,s)  >  0  for  all  s  €  (a,  b). 
Following  the  same  argument  as  above,  this  gives  us  that  (Jtfu)(fc>(a)  6  £°.  Since 
Mu(t)  e  A for  all  t  €  (a,  6]  and  (Afu)<*>(a)  €  AC°  we  have  by  Lemma  2.7  that 
Mu  €  F\0.  Now  u  was  an  arbitrary  nontrivial  element  of  Vx.  Thus  we  have  that 
M:  'PAfO}  -4  V{.  So  by  Lemma  1.5,  we  have  that  M  is  a  u0-positive  operator. 
Hence  we  can  now  apply  Theorem  1.8,  and  the  conclusions  of  our  theorem  follow. 

If  we  have  that  i'i  =  0  then  we  have  results  similar  to  Theorem  2.11. 

THEOREM  2.12.  Let  Ly  =  0  be  right  disfocal  on  [a,  b]  and  assume  that  6,6jptj(t )  > 

°>  !<*,;<  rn,  for  all  t  €  [a,  6],  and  equals  zero  only  on  a  set  of  measure  zero. 
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Then  for  the  eigenvalue  problem  (1 ), 

(-l)"'1  Lu  =  A  P(t)u 

T0u  =  0,  (so  ti  =  0), 


there  exists  an  essentially  unique  eigenvector  z0  in  Tq,  and  its  corresponding 
eigenvalue  is  simple,  positive  and  smaller  then  the  modulus  of  any  other  eigenvalue 
for  this  eigenvalue  problem. 

PROOF:  As  in  the  last  proof,  we  define  the  compact  linear  integral  operator  M 
by 

6 

G(t,  s)P(s)u(s)  ds, 

where  G(t,s )  is  the  Green’s  function  for  (2),  with  boundary  conditions  T0y  =  0. 
We  will  again  show  that  M  is  a  u0-positive  operator  and  then  apply  Theorem  1.8. 
To  do  this,  we  again  show  that  M :  'Po\{0}  — ►  Vq  and  then  apply  Lemma  1.5. 

Let  u  be  an  arbitrary  element  in  7?o\{0}.  Then  following  arguments  identical 
to  those  in  the  last  Theorem,  we  have  that  there  exists  an  interval  (a,/?)  C  [a,  b\ 
and  an  i0  so  that  ^i^i0pn.(t)SXtUim(t)  >  0,  for  all  t  €  (a,/9),  i  =  1,2,  ...,m. 
Then,  since  G(t,s)  >  0  for  all  t  €  (a,  6),  s  €  (a,  b)  by  Theorem  2.2  and  Theorem 
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2.6,  and  since  by  hypothesis  6;6i,pii#  >  0,  we  have  that  for  each  i  =  1,2, ...  ,m, 


fb  m 

fi(Mu)i(t)=  G(t,s)6i'^2pij{  s)uj(s)  ds 
Ja  ]=1 

.6  m 

=  /  G(t,s)^2siSjpij(s)6jUj(s)ds 

Ja  3=1 

f& 

—  I  G(t,  s)6i6i0pa0  (5)<5j0  Uj0  (5)  ds 
Ja 


>  0. 


Thus  we  have  that  £i(Mu)i(t )  >  0  for  all  t  €  (a,  b).  But  this  gives  us  that 
Mu(t)  €  AC°  for  all  t  €  (a,  b). 

Now  we  also  know  by  Theorem  2.6  that  G  ^(a,  5)  >  0  for  all  s  £  (a,  b).  Fol¬ 
lowing  the  same  argument  as  above,  this  gives  us  that  (Mu)*l)(fl)  €  AC°.  Theorem 
2.6  also  tells  us  that  (— l)fc°G^',^(6,s)  >  0  for  all  s  £  (a,  b).  Hence,  similar  to  the 
argument  above,  we  have  that 

(-1)*»<5,(Mi0!M(&)  >  0, 
and  so(-l )fc*(A/u)(*’)(6)  £  £°. 

Since  Mu(t)  €  fC°  for  all  t  €  («,  b\  (Mu)™ (a)  6  fC°  and  (-1)**  ( Mu )<*»>(6)  6 
AC0  we  have  by  Lemma  2.8  that  Mu  €  Vq.  Now  u  was  an  arbitrary  nontrivial 
element  of  V0.  Thus  we  have  that  M :  7?0\{0}  V%.  So  by  Lemma  1.6,  we  have 

that  M  is  a  u0-positive  operator.  Hence  we  can  now  apply  Theorem  1.8,  and  the 


conclusions  of  this  theorem  follow. 
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We  have  now  come  to  our  main  theorems  which  give  comparison  results  for 
eigenvalue  problems  with  different  boundary  conditions.  The  boundary  conditions 
we  will  consider  pertain  to  the  n-tuples  (t'i,  i\ , . . . ,  in-k )  and  (ji ,  J2,  ■ . .  ,jn-k)-  We 
let  Ty  =  0  denote  the  boundary  conditions  yb\a)  =  0  for  i  =  0, 1, . . . ,  k  —  1,  and 
*■» ) (fc)  =  0  for  j  =  1,2, ...,n  —  k.  Also  we  let  Sy  =  0  denote  the  boundary 
conditions  yvd(a)  =  0  for  i  =  0,1,...,/:  —  1,  and  y^‘\b)  =  0  for  i  =  1, 2, . . . ,  n  —  k. 

THEOREM  2.13.  Let  Ly  =  0  be  right  disfocal  and  assume  that  the  continuous 
matrix  function  P(t)  and  Q(t )  have  the  properties: 

a)  There  is  an  iD  £  {1,2, . . .  ,m)  and  a  t0  €  [a,  6]  such  that  p,0iB  ( t0 )  >  0; 

b)  0  <  8,SjPij(t)  <  8i6jqij(t),  for  t  €  [a,  6],  1  <  i,j  <  m; 

c)  Each  qij  =  0  only  on  a  set  of  measure  zero. 

Further  assume  that  <  0'i ,  •  •  • ,  jn-k)  and  that  i}  >  0. 

Then  there  exists  smallest  positive  eigenvalues  A0,  A0  of  (1 )  and  (3),  respectively, 
(-I)"”1  Lu  =  \P(t)u  (-1)"-1  Lu  =  A  Q{t)u 

Tj  u  =  0  S\u  =  0. 

both  of  which  are  positive,  A0  a  lower  bound  in  modulus  and  A0  strictly  less  in 
modulus  then  any  other  eigenvalue  for  their  corresponding  problems,  and  both  of 
their  corresponding  eigenvectors  belong  to  V\.  Further,  A0  is  a  simple  eigenvalue 
and  its  corresponding  eigenvector  belongs  to  V° .  Moreover,  A0  <  A0  and  if  A0  = 
A0,  then  P(t)  =  Q(t)  on  [a,  b]. 

PROOF:  Let  G(t,s)  be  the  Green’s  function  for  Ly  =  0,  T\y  =  0  and 
be  the  Green’s  function  for  Ly  =  0,  S\y  =  0.  We  define  the  integral  operators 
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M,  N :  Bx  -  Bi  by 

rb 


Mu(t)  =  f  G{t,s)P(s)u(s)ds 
J  a 


and  Nu(t)  =  f  H(t,s)Q(s)u(s)  ds. 


By  Theorem  2.2,  we  have  that  0  <  G(t,s)  <  H(t,s)  on  ( a,b )2.  So  from  earlier 
proofs,  we  know  that  M,  N  \  V i  —*  V\.  Now  by  Theorem  2.9,  M  possesses  a  posi¬ 
tive  eigenvalue  1/A0  which  is  an  upper  bound,  in  modulus,  for  all  other  eigenvalues 
of  M,  and  its  corresponding  eigenvector  z0  belongs  to  V\.  By  Theorem  2.11,  we 
have  that  N  has  a  positive,  simple  eigenvalue  1/A0,  which  is  strictly  greater,  in 
modulus,  than  all  other  eigenvalues  of  N,  and  its  essentially  unique  eigenvector 
v0  belongs  to  V°. 

To  get  a  comparison  between  these  two  eigenvalues  we  need  to  show  that 
M  <  N,  with  respect  to  Vj.  Let  u  be  an  arbitrary  element  in  V\.  Then  for  each 
fixed  i  6  {1, 2, . . . ,  m},  we  have  from  the  hypothesis, 

tirfjQij(t)  ^  ^iSjPij(t))  >0  for  t  e  [a,  b],  1  <  j  <  m. 


Since  u  €  Vi,  we  know  that  SjUj(t)  >  0  for  all  t  £  [a,  6],  1  <  j  <  m.  This  gives  us 
that 

m  m 

)  ^  ^  t)  >  0 

>=i  ;=i 

for  t  €  [a,  6],  1  <  j  <  m.  Then  from  Theorem  2.2  we  have  that 


/0  /•# 

H(t,s)^2Siqij(s)uj(s)ds  >  /  G(t,s)'%26ipij(s)uj(s)ds 

j=i  *'°  >=i 

-6  m  .6 

6,(/  ^(t,s)^9I>(s)uJ(s)ds)  >  £,■(/  G(t,s)^pi;(s)u;(s)(fs) 

•/a  j=l  Ja  J=1 


>  o 

>  0. 
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Since  i  was  arbitrary,  this  tells  us  that  component  wise, 

6i(J  H(t,s)Q(s)u{s)ds).  >  6i(j'  G(t,s)P(s)u(s)ds)t  >  0 

for  all  t  6  [a,  6],  i  =  1, 2, . . . ,  m.  Thus, 

( Ja  H(t,s)Q(s)u(s)ds  -  J'  G(t,s)P(s)u(s)ds)  =  (N  -  M)u(t)  £  JC 

for  all  t  £  [a,  6].  Thus  Nu  >  Mu  with  respect  to  the  cone  P\ .  Since  u  was  an 
arbitrary  element  of  ,  we  have  that  M  <  N. 


^ow  (  a7’  z°)  (  aT’  v°)  8X6  eigenpairs  of  M  and  N  respectively,  so  we  have 

that  the  inequalities  of  Theorem  1.11  hold.  Also,  similair  to  the  proof  in  Theorem 
8,  we  have  that  N  is  u0-positive.  From  above  we  have  that  M  <  N,  and  so  we 
can  apply  Theorem  1.11  to  give  us  that  r-  <  ~  or  Ac  <  A„. 

Finally,  suppose  that  A0  =  A0  =  A,  then  Theorem  1.11  tells  us  that  =  kv0 
for  some  nonzero  scalar  k.  Then  A P(t)Zo  =  Lz0  =  kLv0  =  k\Q{t)v0  =  A Q(t)z0. 
Thus  A P(t)za  =  A Q(f)z0  or  (Q(t)  —  P(t))z0  =  0  since  A  ^  0.  Comparing  each 
component  i  of  ( Q{t )  -  P(t))z0,  gives  us  that 

m 

0  ~  ~  0,  t  €  [a,  6]. 

;=i 

So  that 

m 

-  Pij(t))]SjZ0j(t)  =  0,  t  €  [a,  6]. 

>=i 

Since  »0  6  V j  we  have  that  6jz0(t)  >  0  for  all  t  £  (a,  6].  This  plus  the  fact  that 

>  0  for  t  £  [a, 6],  1  <  i,j  <  m,  gives  us 


Pij(t)  —  Qij(t) ,  t  £  (a,  6],  1  <  i,j  <  m. 
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Finally,  by  continuity  it  follows  that  P(t )  =  Q(t)  on  the  closed  interval  [a,  6], 

Our  companion  theorem  for  Theorem  2.13,  requires  more  of  a  correlation 
between  the  boundary  conditions. 

THEOREM  2.14.  Let  Ly  =  0  be  right  disfocal  and  assume  that  the  continuous 
matrix  function  P(t)  and  Q(t )  have  the  properties: 

a)  There  is  an  i0  €  {1,2, . . .  ,m}  and  a  t0  6  [a,  b ]  such  that  p,,i,(t0)  >  0; 

b)  0  <  b,Sjp,j(t)  <  6i6jqij(t),  for  t  G  [a,  b],  1  <  i,  j  <  m; 

c)  Each  qij  =  0  only  on  a  set  of  measure  zero. 

Further  assume  that  (ii,  ilt . . . ,  in-k)  <  Oi,  J2,  •  •  •  ,jn-k),  *i  =  0  and  that  the 
integer  kD  defined  for  .  •  •  ,in-k)  is  also  the  k0  defined  for  . . .  ,jn-k)- 

Then  there  exists  smallest  positive  eigenvalues  A0,A0  of  (1)  and  (3),  respectively, 
(-l)”"1  Lu  =  \P(t)u  (-1)"'1  Lu  =  A  Q{t)u 

Tqu  =  0  Sou  =  0. 

both  of  which  are  positive,  \0  a  lower  bound  in  modulus  and  A0  strictly  less  in 
modulus  then  any  other  eigenvalue  for  their  corresponding  problems,  and  both  of 
their  corresponding  eigenvectors  belong  to  Vo.  Further,  A0  is  a  simple  eigenvalue 
and  its  corresponding  eigenvector  belongs  to  Vq.  Moreover,  A0  <  A0  and  if  A0  = 
A0,  then  P(t)  =  Q(t )  on  [a,  6]. 

PROOF:  The  proof  for  this  theorem  is  virtually  identical  to  the  proof  of  the  last 
theorem.  We  let  G(t,s)  be  the  Green’s  function  for  Ly  =  0,  Toy  =  0  and 
be  the  Green’s  function  for  Ly  =  0,  Soy  =  0.  We  define  the  integral  operators 
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M,  N :  50  -  Bo  by 


Mu(t)  =  f  G(t,s)P(s)u(s)  ds 

J  a 


and  Nu(t)  =  /  if(£,  s)Q(s)u(s)  ds. 


By  Theorem  2.2,  we  have  that  0  <  G(t,s)  <  H(t,s )  on  (a,  6)2.  So  from  earlier 
proofs,  we  know  that  M,N:  Vo  — »  Vo-  Now  by  Theorem  2.10,  M  possesses 
a  positive  eigenvalue  1/A0  which  is  an  upper  bound,  in  modulus,  for  all  other 
eigenvalues  of  M,  and  its  corresponding  eigenvector  z0  belongs  to  Vo-  By  Theorem 

2.12,  we  have  that  N  has  a  positive,  simple  eigenvalue  1/A0,  which  is  strictly 
greater,  in  modulus,  than  all  other  eigenvalues  of  N,  and  its  essentially  unique 
eigenvector  v0  belongs  to  V£. 

Now,  the  argument  to  show  that  M  <  N  with  respect  to  the  cone  Vo  is 
identical  to  the  argument  in  Theorem  2.13.  Thus,  by  applying  Theorem  1.11  we 
have  that  A0  <  A0.  If  A0  =  A0  =  A,  then  by  following  the  argument  in  Theorem 

2.13,  we  see  that  P(t )  =  Q(t )  on  [a,  &]. 
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Comparison  Theorems  for  Eigenvalue  Problems 
for  Right  Disfocal  Differential  Equations 

I)  INTRODUCTION: 

Let  n  >  1,  m  >  1  and  define  Lu  =  id"*  +  pi(t)u^n~^  +  •  •  ■  +  pn{t)u  where 
u(t)  is  an  m-column  vector  such  that  u  6  C  n([a,  6],  7Zm)  and  p,  6  C[a,  6],  i  = 
1,2,...  ,  n.  Also  let  P(t),  Q(t)  be  continuous  m  x  m  matrix  functions  on  [a,  6]  and 
let  *!  <  <2  <  *  •  •  <  where  t,  €  [a,  i],  i  =  1,2,...  ,  n. 

We  consider  the  n- point  right  focal  eigenvalue  problem: 

(1)  (-l)n-lLu  =  A  P{t)u 

Tu  =  0 


where  Tu  =  0  denotes  the  boundary  conditions 

u(,-1)(ti)  =  0,  i  =  1,2,. . .  ,n. 

If  G(t,s)  is  the  Green’s  function  for  the  scalar  boundary  value  problem, 

(2)  (-l)n-1Ly  =  0 

Ty  =  0, 


where  Ly  and  T y  are  as  above,  but  defined  appropriately  for  the  scalar  case,  then 
under  certain  sign  conditions  on  G(t,s )  and  conditions  on  P(t)  we  can  show  the 
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existence  of  a  smallest  positive  eigenvalue.  And  with  further  conditions  on  P(t), 
that  its  corresponding  eigenvector  is  essentially  unique  with  respect  to  a  ‘cone’. 
We  also  have  comparison  results  for  the  eigenvalue  problems  (1)  and  (3), 

(3)  (-l)n-1Lu  =  AQ(t)u 

Tu  =  0. 


Our  results  are  new,  even  in  the  scalar  case.  Our  technique  will  be  to  use 
sign  conditions  on  the  Green’s  function,  appropriately  define  an  integral  operator 
and  then  apply  the  theory  of  u0-positive  operators  with  respect  to  a  cone  in  a 
Banach  space.  The  theory  of  operators  on  a  cone,  can  be  found  in  great  detail 
in  the  books  by  Kranosel’skii  [9]  and  Deimling  [2].  Related  papers  include  those 
of  Eloe  and  Henderson  [3],  Gentry  and  Travis  [4],  Hankerson  and  Peterson  [5,6], 
Keener  and  Travis  [7,8],  Kreith  [10],  Schmitt  and  Smith  [11],  Tomastik  [12,13], 
and  Travis  [14]. 


II)  CONE  THEORY: 

The  following  will  be  a  short  review  of  the  definitions  and  theorems  we  will  be 
using  for  our  results.  This  theory  was  developed  in  great  detail  by  Krasnosel’skii 

[9]- 

Let  B  be  a  Banach  space  and  V  a  closed,  non-empty  subset  of  B.  We  say 


that  V  is  a  cone  provided  that  if  u,t>  G  V  then  au  +  0v  €  V  for  all  a,  /?  >  0,  and 


that  if  —  u,u  €  V  then  u  =  0,  the  zero  element  of  B.  We  say  that  a  cone  V  is 
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reproducing  provided  that  B  =  V  —  V  =  {u  —  v|u,  v  €  V).  A  cone  is  called  solid  if 
it  has  a  non-empty  interior,  V°  0. 

The  cone  will  induce  a  partial  ordering  on  our  space  5,  if  we  write  u  <  v  to 
mean  that  v  —  u  €  V.  If  M  and  N  are  operators  on  B ,  then  we  will  write  M  <  N 
(with  respect  to  V)  provided  that  Mu  <  Nu  for  all  u  6  V.  A  linear  operator  M 
on  B,  is  called  positive  if  V  is  invariant  with  respect  to  M,  that  is  M:  V  — ►  V. 
The  operator  M  is  called  u0-positive  provided  u0  €  V,  and  for  every  u  €  TAjO}, 
there  exists  positive  fci,fc2  (generally  depending  on  u)  such  that 

k\u0  <  Mu  <  k2ua. 

We  will  be  using  the  following  theorems,  which  can  be  found  in  [9]. 

THEOREM  1.  Let  B  be  a  Banach  space  and  V  C  B  be  a  solid  cone.  If  M :  B  —*  B 
is  a  linear  operator  such  that  M :  "P\{0}  — *•  V°,  then  M  is  uD-positive  with  respect 
to  V. 

THEOREM  2.  Let  V  be  a  reproducing  cone  and  M  a  linear  compact  positive 
operator.  Assume  there  exists  a  nontrivial  u0  €  V  and  an  e0  >  0  such  that 
Mu0  >  e0u0.  Then  M  has  an  eigenvector  z0  €  V  with  corresponding  eigenvalue 
A0  >  £0  and  A0  is  an  upper  bound  for  the  moduli  of  the  remaining  eigenvalues  of 
M. 

THEOREM  3.  Let  V  be  a  reproducing  cone  and  M  a  linear  compact  u0-positive  op¬ 
erator.  Then  M  has  an  essentially  unique  eigenvector  in  V  and  the  corresponding 
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eigenvalue  is  simple,  positive  and  larger  than  the  modulus  of  any  other  eigenvalue 
of  M. 

Our  last  theorem  of  this  section  is  from  Keener  and  Travis  [7],  and  is  a 
generalization  of  a  result  from  Travis  [14]. 

THEOREM  4.  Let  M  and  N  be  linear  operators  of  which  one  is  u0-positive.  If 
M  <  N  and  there  exists  ul5U2  6  ^\{0}  and  Xi,^2  >  0  such  that  Muj  >  Aitti 
and  Nv-2  <  A2«2>  then  Ai  <  A2  and  if  Ai  =  A2  then  uj  is  a  scalar  multiple  of 
u2 . 


Ill)  THE  GREEN’S  FUNCTION: 

In  this  section  we  will  give  sufficient  conditions  for  the  existence  and  give  an 
explicit  form  for  the  Green’s  function  for  our  problem  (2).  We  need  the  following 
definition. 

Definition:  The  differential  equation  Ly  =  0  is  called  right  disfocal  on  an  interval 
/  if  there  does  not  exist  a  nontrivial  solution  y  of  Ly  =  0  and  points  tj  <  ^ 

•  ••  <  tn  €  I  such  that  =  0  for  i  =  1,2,. ..  ,n. 

We  will  also  need  to  introduce  some  notation.  For  each  fixed  s  in  the  inter¬ 
val  let  {yo(t,s),yi(t,s), . . .  be  the  set  of  (linear  independent) 

solutions  of  Ly  =  0,  where 


y(k}){t,s)\t=t  =  6jk, 


0  5:  j)  &  <  H  -  1, 
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and  6jk  is  the  Kronecker-delta  function 

6-  =  /  forj  ^  k 
\  1,  for  j  =  k. 

We  can  now  give  a  theorem  about  our  Green’s  function. 

THEOREM  5.  Let  Ly  =  0  be  right  disfocal  on  [a, b\.  Then  the  Green’s  function 
G(t,  s),  for  the  right  focal  problem 

(—l)n~1Ly  =  0 
Ty  =  0 


exists  and  is  given  by: 
for  s  E  [tk,tk+i],  t<s 


0 

yi(Mi) 

y„ -i(Mi) 

0 

yi(*2»*i) 

y»-i(*2,<i) 

l)n-l 

0 

ySfc_1)(4,<i) 

...  yi*Ji1)(<*,ti) 

D 

y(nll{tk+i,s) 

y\k\tk+i,ii) 

•  ••  yi-x(U+i,<j) 

Vn-l\tk+2,s) 

yiA+1H<fc+2>ii) 

•••  yi^1)(ifc+2,<i) 

yin-V)(tn,s) 

•  •• 

if  s  <  t  then  we  replace  the  zero  in  the  first  row,  Erst  column  by  yn_i  (t,  s)  with 

everything  else  remaining  the  same. 

This  holds  for  k  =  1, 2, . . . ,  n  -  1,  and  D  is  given  by 

y[(t  2i^n)  •••  yn_i(^2>^n) 

yl'(<3,<n)  y'2(h,tn)  y"-l(<3,*n) 

D  =  . 
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PROOF:  To  show  that  G(t,s )  is  our  Green’s  function  for  (1)  we  must  show  that 
G(t,s)  is  well  defined  and  that  it  satisfies  the  properties  from  Coppel  [1]: 

i)  As  a  function  of  t ,  G(t,s )  satisfies  Ly  =  0  on  and  (.s,tn]; 

ii)  TG(-,s)  =  0  for  each  fixed  s ; 

iii)  As  a  function  of  t,  G(t,s )  and  its  first  n  —  2  derivatives  are  continuous  at 
t  =  5,  while  G(n_1)(5+,5)  -  G(n~^(s~,s)  =  pyyyzr  =  (-1)"”1. 

The  Green’s  function,  G(t,s)  is  well  defined  provided  that  D  ^  0.  To  show 
this,  we  will  assume  that  D  =  0  and  show  this  lead  to  a  contradiction.  Let 
A  be  the  (n  —  1)  x  (n  —  1)  matrix,  A  =(l/j'\*i+l,  <l)),  f°r  1  <  *,J  <  n  -  1, 
so  we  have  that  j A]  =  D,  where  jA|  is  the  determinant  of  A.  Since  D  —  0 
there  exists  a  nontrivial  column  vector  C  =  (C\ , . .  • ,  Cn-\)T  so  that  AC  =  0. 

Let  z(t)  =  Cxyi{t,tx )  +  C2t/2(Mi)  + - 1-  Since  z{t)  is  a  linear 

combination  of  solutions  to  Ly  —  0,  we  have  by  the  linearity  of  L  that  Lz  —  0. 
Now  z(ti)  =  0  since  each  yj(t\,ti)  =  0.  Also  z^\tj+ 1)  =  0  for  j  =  1,2, . . . ,  n  —  1, 
since  z  1)  is  the  ji-row  of  A  times  the  column  vector  C  and  AC  =  0.  So 
Lz  =  0,  Tz  =  0  and  z  is  not  identically  equal  to  zero  since  C  is  nontrivial.  This 
contradicts  Ly  =  0  is  right  disfocal.  Thus  D  ^  0  and  G(t,s)  is  well  defined.  Now 
that  we  have  established  that  D  0,  a  standard  argument  using  Taylor  series  will 
show  that  D  >  0. 

To  prove  the  properties  i)— ii),  we  first  fix  s0  as  an  arbitrary  element  of  [ti ,  tn]. 
Then  to  prove  i),  for  t  <  s0,  we  have  G(t,s0 )  =  d.2yi{t,ti)  +  •  •  •  -f  dnyn-\ (t,  i  j ) 
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where  the  di's  are  constants  which  can  be  determined  by  expanding  the  determi¬ 
nant  of  G(t,s0)  along  the  first  row.  Thus,  in  the  variable  t,  G(t,s0 )  is  a  linear 
combination  of  solutions  of  Ly  =  0,  and  so  is  itself  a  solution  of  Ly  =  0  on  [t  j ,  s0 ). 
Similarly,  G(t,s0)  is  a  solution  of  Ly  =  0  on  (s0,tn]- 


To  show  that  G(t,s0)  satisfies  the  boundary  conditions,  we  first  note  that 
G(ti,s 0)  =  0  since  the  first  row  of  the  determinant  of  G(ti,s0)  is  all  zeros.  Also, 
we  have  that  G^(<fc+i,s0)  =  0,  for  k  —  l,...,n  —  1,  since  in  this  case  the  the 
first  row  and  the  (k  +  l)st  row  are  equal,  so  the  determinant  is  zero.  Thus  from 
the  properties  of  determinants  we  have  TG(-,s0 )  =  0,  so  ii)  is  proved. 


To  prove  iii),  let  r  and  r  be  variables  where  r  <  s0  and  r  >  s0.  Then,  with 
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s0  €  we  have  G(t,s0)  —  G(r,  sa)  = 


!/n  — lC7"?  5o) 

yi(T,ti) 

yn-i(r,ti) 

0 

y[{UJi) 

yn-l(<2,tl) 

D 

0 

y(ifc_1)(4,fi)  ••• 

y(nkli(ik+i,So ) 

y[k\tk+uti)  ••• 

y(n-l(tk+l,il) 

y(n~ll){tn,S  o) 

•  • 

y!n-1)(Wi)  ••• 

y^Htn^l) 

0 

yi(Ml) 

yn-i(r,<i) 

0 

yi(*2,<0 

•••  yn-l(*2,<l) 

0 

yifc-1)(**,<i) 

•  ••  yik-i\tk,t  0 

yikli(tk+i,So ) 

...  y!,fc2i(<fc+i,<i) 

y!in_"l1)(<n,50) 

yS"-1)(tn,ti) 

...  yin_l1)(<n,<i) 

y„_i(r,s0) 

yi(T,ti)  -  yi(r,ti) 

...  y„_i(r,<i)  -  yn-^r,^) 

0 

yi(< 2,<i) 

0 

yi(i_1)(^,<i) 

yikSi\tk,t\) 

yi-i(U+i,5o) 

yS^^fc+i^i) 

yi-i^fc+i^i) 

yn-"l1)(<n15o) 

yS"-1)(*n,*i) 

y«-l1)(<n,<l) 

Now  limr,r_-0{yj,)(T,<i)-y5,)(r,<i)}  =  0  for  j  =  1,2, . . .  ,n  -  1;  i  =  0, 1, . . .  ,n  - 
1.  Also  limr— Je  y^lj(r,s0)  =  0  for  i  =  0,1,. ..,n  —  2.  Thus  s0)  — 

G(')(s~,s 0)  =  0  for  i  =  0,1,..., n  —  2,  so  we  have  that  G(t,s0 )  and  its  first  n  —  2 
derivatives  are  continuous  at  t  =  s0.  Finally,  since  limr— ,,  ^0)  =  1,  we 


have  G(n-1)(^>5o)  -  G<n-1)(^»^o)  = 
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(-1) 


n  — 1 


D 


(~l)r 


D 


1 

0 

0 

0 

y'i(i  2J1) 

•  y'n- l(f2,<l) 

0 

•  ylnSl\tk,ti) 

ynh(tk+\,s0) 

yi^^k+i.h)  ■ 

•  yi-i(U+i,ti) 

y(n 

_i  \in i-So) 

yS"_1)(Wi)  . 

■  yt^itmh) 

2/ 1  (^2i  ^n) 

y2 (^2  >  ^n) 

•••  yUl(*2,<n) 

-1 

y"(*3,<n) 

y'2(h,tn) 

•••  y'n~l(h,tn) 

yjn-1)(<„,<i) 

•  •  •  Vn  —  1  (**»>  *1 

(-1) 


n  —  1 


D. 


So  G(n_1)(s+,So)  —  G(n-1)(s7,s0)  =  (  —  l)""1  and  condition  iii)  is  satisfied. 

Since  So  was  an  arbitrary  element  of  [ f  i ,  tn],  we  have  that  G(t,  s)  is  the  Green’s 
function  for  (2). 

We  close  this  section  with  the  following  hypothesis: 


Hypothesis  (H).  Let  Ly  =  0  be  right  disfocaJ  on  [a,b].  We  assume  that  the 
Green's  function  for  (2),  has  the  following  properties: 

i)  G(t,s)  >  0  fort  €  (ti,tn],  s  €  (ti,tn); 

ii)  G'(ti,s)  >  0  for  s  £  ( t\,tn ). 

This  hypothesis  is  not  true  in  all  cases,  but  we  will  show  sufficient  conditions 
for  (H)  to  hold  for  n  =  2,3  and  4. 
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IV)  EXISTENCE  AND  COMPARISON  RESULTS; 

We  will  now  introduce  a  suitable  Banach  space  for  our  eigenvalue  problem 
(1).  Let 

with  norm  ||u)j  =  maxo<i<n{maX[tlitn]  |u('l(<)]}  where  |  -  |  is  the  Euclidean  norm. 
Following  ideas  from  Hankerson  and  Peterson  [5,6],  and  Tomastik’s  paper  [13],  we 
let  /,  J  C  {1,2, .. .  ,m}  be  such  that  I  U  J  =  {1, 2, ... ,  m)  and  I D  J  =  0.  (It  is 
permissible  for  I  =  0  or  J  =  0.)  Let  AC  be  the  ‘quadrant’  cone  in  7Zm  defined  by 

K.  =  {x  =  (*!,...,  xm)  |  Xj  >  0  if  *  €  /,  x,  <  0  if  *6  J }• 

Although  some  of  our  results  will  hold  for  any  solid  cone  in  71™ ,  we  will  just 
concern  ourselves  with  K  being  a  ‘quadrant’  cone  in  7 Zm.  Define  6,  to  be  the 
discrete  function  Si  =  1  if  i  €  /,  and  <5,  =  —1  if  i  E  J.  We  can  then  equivalently 
define  the  cone  V  to  be  AC  =  {x  €  7£m|<5,x,-  >  0  for  i  =  1,2,  ...,m}.  This 
also  allows  us  to  define  the  interior  of  AC  as  AC0  =  {x  6  71™  \  8tx,  >  0  for  i  = 
1,2  ,...,m}. 

We  now  define  the  reproducing  cone  V  C  B  by  V  =  {u  €  B|u(t)  €  AC,  t  € 
This  gives  us  the  following  Lemma  concerning  the  interior  of  our  cone  V. 

LEMMA  6.  Let  the  cone  V  in  the  Banach  space  B  be  defined  as  above.  Then  the 
interior  of  V  is  given  by 


V°  =  {u  6  B  \u(t)  €  AC°,  t  6  (ti,<n]  and  u'(t\ )  €  AC0}. 
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Proof:  Let  Q  =  {u  G  B\u(t)  G  K°,  t  €  (<i,<n]  and  u'(t i)  G  AC°}.  First  we  will 
show  that  Q  CV° .  Let  u  be  an  arbitrary  element  of  Q,  so  we  want  to  find  an  £  >  0 
so  that  the  ball  J5(u;  e)  C  V.  For  a  vector  function  x(t)  on  [a,  0)  C  [t i ,  tn]  we  define 
the  distance  function  djQ  dK )  to  be  the  distance  between  the  function  x(t) 

on  [a,/?]  and  the  boundary  of  the  cone  dK.  Let  £\  =  2d[tl)tn](u'(fi ),  dAC),  so  we 
have  that  £j  >  0  since  G  K°.  Now  u'  is  a  continuous  function,  so  there 

exists  a  8  >  0  so  that  u'(t )  €  i)  C  7Zm,  for  all  t  €  +  6].  We  note 

that  this  gives  us  that  d[t!, <!+«](«'(*)- >  £i- 

We  have  that  u(t )  €  £°  for  all  <  €  [<i  4-  6,  tn]-  Then,  if  we  let  £2  be 
£2  =  jd[t,+«itn](u(<),  dK)  we  also  have  that  £2  >  0  since  the  graph  of  u(t),  which 
is  compact  on  [ti  +  6,  <„]  and  dK  do  not  intersect.  We  note  that  in  this  case,  we 
have  that  d[il+«,iB](«(<),9AC)  >  £2. 

Let  £  =  min{£1,£2}  >  0.  Then  we  have  that  B(u;e)  C  V.  To  show  this,  we 
let  2  G  B(u\e).  Then  ||z  —  uj|  <  £  so  in  particular  we  have  that  |z'(tj)  —  u'(ti)|  < 
£ 1  =  2d[tl,tn](u'(fi ), dK).  This  tells  us  that  z'(ti)  G  K°.  Now  ||z  — u||  <  s  also  tells 
us  that  |z'(f)  —  u'(t) |  <  £  for  all  t  G  +  6].  This  gives  us  that  z'(t)  G  K°  for 
all  t  G  +  6].  If  this  were  not  so,  then  since  z'{i\ )  G  K°  and  z'  is  continuous, 
there  would  exists  a  t0  G  +  6]  so  that  z'(t0)  €  dK.  But  from  the  note  above 
we  know  that  <f|<litl+{](u'(t),  dK)  >  £1  >  £.  This  gives  us  that  |z'(t0)  —  u'(t0)|  >  £ 
which  is  a  contradiction.  Thus  z'(t )  G  K°  for  all  t  G  [<i,<i  +  <5].  Now  this  in  turn 
tells  us  that  for  i  =  1,2, ...  ,m,  <5,z'(t)  >  0  for  all  t  G  [<i,<i  +  £].  Thus  6,Zi(t)  is  an 
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increasing  function  with  £,z,(<i )  =  0  for  each  i.  Hence  we  have  that  8,z^(t)  >  0 
for  all  t  e  [<i,f i  +  5],  for  i  =  1,2, ...  ,m.  That  is,  z(t )  €  K,  for  t  €  [<i,*i  +  <5]. 

Also,  we  have  that  |z(t)  —  u(<)j  <  £  <  £2  f°r  all  t  G  [<1  +  6,  <„].  Thus, 

z(t )  £  dK  or  else  we  contradict  dp1+$tnj(u(<), dK)  >  £2.  Since  z(ti  +  <5)  6  K°  and 
z  is  continuous,  we  must  have  that  z{i )  €  K°  for  all  t  €  [<1  +  8,  <n] 

Thus  z(t)  €  K  for  all  t  G  But  this  means  that  z  €  P,  and  since  z 

was  an  arbitrary  element  of  B(u\e ),  we  have  that  B{u\e )  C  “P.  But  it  was  an 
arbitrary  element  of  Q  and  we  found  an  e  >  0  so  that  B(u;  e)  C  V.  Thus  we  have 
that  Q  CV°. 

We  now  show  that  V°  C  Q.  Let  u  be  an  arbitrary  element  of  V°.  Suppose 
there  exists  a  t0  €  (*i,<n]  so  that  u(te)  €  3AC.  This  give  us  that  there  exists  a 
component  of  u,  say  u so  that  Uj#(<0)  =  0.  Considering  the  scalar  equation, 
6jeu;0(t)  >  0,  it  can  be  seen  that  for  any  £  >  0,  since  8itUit(t0)  =  0,  we  can  find  a 
function  8i0  z,0  ( t )  €  B{81 .  u,-0 ;  e)  so  that  z^0  ( t0 )  <  0.  If  we  let  the  vector  function 
z(f)  equal  u(t)  in  each  component  except  in  the  i0  slot,  and  then  in  that  slot  let 
( z(t))io  =  then  z  €  B{u\e).  But  z(t0)  K  since  8x<tZit{t0)  <  0.  Thus 

z  £  V.  Now  z  was  based  on  £  >  0.  Thus,  for  any  £  >  0  we  can  find  a  z  €  B(u;  e) 

and  z  §■  V.  This  contradicts  u  €  V° .  Thus  u(t )  6  K°  for  all  t  6 

Now  suppose  u'(tj)  £  K°.  So  there  exists  an  i  so  that  <5,u'(ti )  <  0.  Then  for 
any  £  >  0  we  can  find  a  z  £  B(u;e)  so  that  <  0.  Thus  8, z't  is  decreasing 

at  t\.  We  have  that  Zi(t  1 )  =  0  so  we  can  find  a  <5  >  0  so  that  6,z,(t)  <  0  for  any 


66 


t  €  +  <5].  But  this  gives  us  that  z(t0 )  £  K-  and  so  z  ^  V,  which  contradicts 

u  E  V° .  Thus  we  must  have  that  it'(ti)  €  £°. 

So  if  u  E  V°  we  have  that  u(t)  E  fC°  for  all  t  E  (<i,t„],  and  also  that 
u'(ti)  E  fC°.  Thus  u  E  Q,  and  since  u  was  an  arbitrary  element  of  V° ,  we  have 
that  V°  C  Q.  Thus  our  lemma  is  proved. 

With  our  Lemma  out  of  the  way,  we  can  now  proceed  on  to  our  first  existence 
result. 

THEOREM  7.  Assume  hypothesis  (H)  holds,  SiSjPij(t)  >  0,  for  t  E  [<i,fn]»  1  5: 
i,j  <  m,  and  that  there  is  a  t0  €  [<i,fn]  such  that  Piai.(t0)  >  0.  Then  for 
eigenvalue  problem  (1) 

(-I)”"1  Lu  =  A  P{t)u 
Tu  =  0, 

there  exists  an  eigenvector  z0  E  V  with  corresponding  positive  eigenvalue  X0  which 
is  a  lower  bound  for  the  modulus  of  any  other  eigenvalue  for  the  corresponding 
problem. 

PROOF:  To  solve  this  problem,  we  will  seek  the  eigenvalues  of  the  linear  integral 
operator  M :  B  — ►  B  defined  by 

Mu(t )  =  f  "  G(t,  s)P(s)u(s )  ds,  tj  <t<  tn, 

Jt  t 

where  G(t ,  s)  is  the  Green’s  function  for  (2).  Now  the  eigenvalues  of  the  boundary 
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value  problem  (1)  are  reciprocals  of  the  eigenvalues  of  the  operator  M.  We  note 
that  zero  is  not  an  eigenvalue  of  (1)  since  Ly  =  0  is  assumed  to  be  right  disfocal. 

Now  an  argument  using  the  Arzela-Ascoli  Theorem  shows  that  M  is  a  com¬ 
pact  operator.  We  now  show  that  M :  V  —*  V.  Let  u  be  an  arbitrary  element  of  V. 
If  we  have  8i(Mu(t))i  >  0  for  all  t  6  [tj,tn],  *  =  1,2, . . .  ,m,  then  Mu  €  V.  Con¬ 
sider  the  ith  component  of  P(t)u(t),  (P(t)u(t)).=  ^"L,  pij(t)uj(t).  Now  SjSj  =  1, 
and  6jUj(t)  >  0  so  we  have  that  for  all  t  €  [<i,<n], 

m 

8i(P(t)u{t))i  =  ^€iSjPij(t)SjUj(t)  >  0, 
j=i 

since  6;6jpij(t)  >  0  by  hypothesis.  From  Hypothesis  (H),  we  have  that  G(t,  s)  >  0 
for  t  G  and  s  €  (<i,f„).  Thus 

r*n  m 

6i(Mu)i(t)  =  /  G(t,s)y^y6j6jpij(s)8jUj(s)ds  >  0, 

Jtl  j= i 

for  i  €  [ti,tn],l  <  i  <  m,  so  Mu  6  V.  Since  u  was  an  arbitrary  element  of  V,  we 
have  that  M  is  a  positive  operator,  that  is  M:  V  — ♦  V. 

In  order  to  apply  Theorem  2,  we  must  find  a  nontrivial  u0  €  V ,  and  an 
£0  >  0  so  that  Mu0  >  £0 u0.  Let  u0(<)  =  (t  —  t\)6i,  e,-, ,  where  e<.  is  the  unit 
vector  in  %m  in  the  i0  direction.  This  gives  us  that  the  jth  component  of  u0(t), 
u0 j(t)  =  (t  —  i\  where  <J1;  is  the  Kronecker  delta  function.  Thus  6jU0j(t)  = 

{8j6,'(t  —  >  0,  so  u o  €  V.  We  note  that  <5;, u0i.(f)  =  (t  —  *i)  >  0,  on 

(<i,*nj  and  that  <5i0u'0l4(ti)  =  1  >  0. 


We  now  consider  Mu0(t).  Since  M:  V  -*  V,  we  know  that  6j(Mv0)j(t)  > 


0  =  SjUoj(t)  for  1  <  j  <  m,  j ^  i0 •  When  j  =  ia  we  have  that 

rtn 

6i.(Muo)i.(0  =  /  G(t, 5)  2^  ^JjPi.j(s)SjUoj{s) ds 

Jt'  ;=1 

=  f  G(t,  s)6it  Si,pi0 i,  (s)Sit  u0,#  (5)  ds 
Jti 

=  f  G(t,s)pi,im(s)(s -ti)ds 
Jt 1 


>  0,  for  t  € 


since  by  hypothesis  (H)  G(f,s)  >  0  for  i  €  (<i,fn],  s  G  (<i,tn)>  and  p,.i„(t0)  >  0, 
Pi.i.  continuous.  So  we  have  that  6it(Mu0)i.(t)  >  0  for  all  t  €  (<!,<„].  Since 
again  by  hypothesis  (H),  G'(ti,s)  >  0  for  all  s  €  (*i,<n),  we  can  see  from  above 
that  6lo{Muoyio(U)  >  0. 

So  for  £1  >  0  sufficiently  small,  we  have  that  ^iB(Mu0)'jp(fi)  — £i^,<1u,0^(ti)  > 
0.  Now  8ie  (Muo)i.(ti)  -  ei8i„Uoi,(ti )  =  0,  so  by  continuity,  there  exists  a  <5  >  0 
so  that 

8j,  (M u0)i0  (f )  —  £1 <5,„  uotc  (f )  >  0,  for  all  t  €  [<i,*i  +<5].  Also,  both  6i<t  (Mu0)i,  (t) 
and  <5,att0l(J  ( t )  are  positive  on  ftj  -f  6,tn)  so  we  can  let 

2  max[tl+«it„](^.u0,.(f) 


This  gives  us  that 

8i,(Mu0)i,(t )  -  £2 8i.uol'(t)  >  0,  for  ail  t  €  [*i  +  <5,tn]. 

Finally,  letting  t0  =  min{£i,£2}  we  have  that  <5,,(Mu0),,(f)  -  £eSi,uotc  (t)  > 


69 


0,  for  all  t  €  [<i,<n]«  This  gives  us  that  Mu0  >  £0ti0  with  respect  to  the  cone  V. 
By  applying  Theorem  2,  the  conclusions  of  our  theorem  follow. 

If  we  have  stronger  conditions  on  P{t),  we  get  better  results. 

THEOREM  8.  Assume  hypothesis  (H)  holds,  and  6iSjPij(t)  >  0,  1  <  i,i  <  m,  for 
all  t  €  [<i,tn],  and  ptJ  equals  zero  only  on  a  set  of  measure  zero.  Then  for  the 
eigenvalue  problem  (1 ), 


(-1)”-1  Lu  =  \P{t)u 
Tu  =  0, 

there  exists  an  essentially  unique  eigenvector  z„  in  V°,  and  its  corresponding 
eigenvalue  is  simple,  positive  and  smaller  then  the  modulus  of  any  other  eigenvalue 
for  this  eigenvalue  problem. 

PROOF:  As  in  the  last  proof,  we  define  the  compact  linear  integral  operator  M 
by 

Mu(t)  =  (  G(t,s)P(s)u(s)  ds. 

Jtx 

We  wish  to  show  that  M  is  a  u0-positive  operator  so  that  we  can  apply  Theorem 
3.  To  do  this,  we  will  show  that  M :  P\{0}  — ♦  V  and  then  apply  Theorem  1. 

Let  u  be  an  arbitrary  element  in  P\{0}.  Then,  there  exists  a  t0  6  ($i,<n) 
and  an  i0  €  {1,2, ...  ,m}  so  that  <5,oUu(t0)  >  0.  (By  the  continuity  of  u,0  we  can 
assume,  without  loss  of  generality,  that  t0  €  (*i,tn)-)  Since  u,.  is  a  continuous 
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function  we  have  that  there  exists  an  interval  to  the  right  of  t0  on  which  uto  is 
positive. 

Now  for  each  i  =  1,2, <5|<5«.Pu.  >  0,  p„,  is  continuous  and  zero  only 
on  a  set  of  measure  zero.  Thus,  for  each  i,  we  can  find  an  interval  to  the  right  of 
to,  on  which  each  6i6i,put  is  positive.  Taking  the  intersection  of  these  m  +  1  right 
intervals,  we  have  an  interval  (a,  (3)  C  [ti ,  t„]  such  that  6,-5i.Ph.  (t)6i.  (t)  >  0,  for 

all  t  €  (a,/?),  *  =  1,2, ...  ,m.  Thus,  since  G(t,s)  >  0  for  all  t  €  (<i,<„],  s  €  (ti,tn) 


by  hypothesis  (H),  and  6i6iapna  >  0,  we  have  that  for  each  i  =  1,2,. 

ftn  ™ 

6i(Mu)i(t)=  /  G(t,s)6i  2_^Pij(s)uj(s)  ds 

j= i 

ftn  ™ 

=  /  G(t,s)2^SiSjpij(s)6jUj(s)ds 
•'*1  >=i 

[P 

—  I  G(t,  s)6i6i,piia  {s)6ia  u,B  (s)  ds 
J  a 


Thus  we  have  that  6i(Mu)i(t )  >  0  for  all  f  €  (<i,tn|.  But  this  gives  us  that 
Mu(t)  €  AC°  for  all  t  €  (ti,t„J. 

Now  we  also  know  by  hypothesis  (H)  that  G'(tj,s)  >  0  for  all  s  6  (fi,t„). 
Following  the  same  argument  as  above,  this  gives  us  that  (Mu)'(t i)  €  £° .  Since 
Mu(t)  €  K°  for  all  t  6  (ti,tn]  and  (Mu)'(ti)  €  K-°  we  have  by  Lemma  6  that 
Ivlu  t  V° .  Now  u  was  an  arbitrary  nontrivial  element  of  V.  Thus  we  have  that 
M :  7?\{0}  — ♦  V°.  So  by  Theorem  1,  we  have  that  M  is  a  u0-positive  operator. 
Hence  we  can  now  apply  Theorem  3,  and  the  conclusions  of  our  theorem  follow. 
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We  also  have  comparison  results  between  two  focal  point  eigenvalue  problems. 

THEOREM  9.  Assume  hypothesis  ( H )  holds  and  that  the  continuous  matrix  func¬ 
tion  P(t)  and  Q(t)  have  the  properties: 

a)  There  is  an  i0  €  {1,2, . . .  ,m}  and  a  te  €  such  that  Piti,(t0 )  >  0; 

b)  0<  6i6jPij(t )  <  6i6jqij(t),  for  t  €  1  <  i,j  <  m; 

c)  Each  qij  =  0  only  on  a  set  of  measure  zero. 

Then  there  exists  smallest  positive  eigenvalues  A0,  Ac  of  (1 )  and  (3), 

(-1)"-1  Lu  =  A  P(t)u  (-l)n_1  Lu  =  A  Q{t)u 

Tu  =  0  Tu  -  0. 

both  of  which  are  positive,  A0  a  lower  bound  in  modulus  and  A0  strictly  less  in 
modulus  then  any  other  eigenvalue  for  their  corresponding  problems,  and  both  of 
their  corresponding  eigenvectors  belong  to  V.  Further,  Ac  is  a  simple  eigenvalue 
and  its  corresponding  eigenvector  belongs  to  V°.  Moreover,  A0  <  A0  and  if  A0  = 
A0,  then  P(t)  =  Q(t)  on  [<!,<„]. 

PROOF:  We  define  the  integral  operators  M,  N  :  B  B  by 


Mu(t)  =  f  G(t,s)P(s)u(s)ds  and  Nu(t)  =  f  G(t,s)Q(s)u(s)  ds, 

Jti  Jh 


where  G(t,s)  is  the  Green’s  function  for  (2).  We  then  have,  from  earlier  proofs, 
that  M,  N  Now  by  Theorem  7,  M  possesses  a  positive  eigenvalue  1/A0 

which  is  an  upper  bound,  in  modulus,  for  all  other  eigenvalues  of  M,  and  its 
corresponding  eigenvector  z0  belongs  to  V.  By  Theorem  8,  we  have  that  N  has 


a  positive,  simple  eigenvalue  1/A0,  which  is  strictly  greater,  in  modulus,  than  all 
other  eigenvalues  of  N,  and  its  essentially  unique  eigenvector  v0  belongs  to  V° . 

We  will  now  show  that  M  <  N,  with  respect  to  V.  Let  u  be  an  arbitrary 
element  in  V.  Then  for  each  fixed  i  £  {1,2, . . .  ,m},  we  have  6iSj{qij(t)  —  > 

0,  for  t  €  [<!,<„],  1  <  j  <  m.  Since  u  €  V,  we  know  that  6jUj(t)  >  0  for  all 
t  €  [ti,tn],  1  <  j  <  m.  This  gives  us  that 

m 

6<(9ij(0  -  Pii(0)«j(*)  >  0 

3=1 

for  t  €  [<i,<n]>  1  <  j  <  m.  Now  hypothesis  (H)  tells  us  that  G(t,s)  >  0  on 
(ti,in)2.  Thus 


f*n  " 

/  G(t,  s )  V  6i(qij(s)  -  Pii(s))«i(s)  ds  > 


6,(  /  G(t,s)  23(fly(a)  -  P.>(5))uj(s)ds)  >  0. 

>=i 

Since  i  was  arbitrary,  each  component  of  jf”  G(t,  s)(Q(s)  —  P(s))u(s)  ds  times  Si 
is  greater  than  or  equal  to  zero  for  all  t  £  Thus, 

ft”  G(t,s)(Q(s)  -  P(s))u(s)ds  =  (N  -  M)u(t)  €  K  for  all  t  €  {<!,*„].  Thus 
Nu  >  Mu  with  respect  to  the  cone  V.  Since  u  was  an  arbitrary  element  of  V,  we 
have  that  M  <  N. 

Now  ( 2o)  and  (x^,v0)  are  eigenpairs  of  M  and  N  respectively,  so  we  have 


t 


that  the  inequalities  of  Theorem  4  hold.  Also,  similair  to  the  proof  in  Theorem  8, 
we  have  that  N  is  u0-positive.  From  above  we  have  that  M  <  N,  and  so  we  can 
apply  Theorem  4  to  give  us  that  f-  <  or  A0  <  A0. 
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Finally,  suppose  that  A0  =  Ae  =  A,  then  Theorem  4  tells  us  that  za  =  kva 
for  some  nonzero  scalar  k.  Then  A P(i)za  =  Lz0  =  kLv0  =  k\Q(t)v0  =  AQ(t)r0- 
Thus  \P(t)z0  =  \Q{i)z0  or  ( Q(i )  -  P(t))z0  =  0  since  A  ^  0.  Comparing  each 
component  i  of  ( Q(t )  —  P(t))z0 ,  gives  us  that 

m 

i- 1 

So  that 

m 

- py(0)JW*)  =  0.  *  e  !<■•<«]• 

i=i 

Since  z0  €  V°  we  have  that  6jz0(t )  >  0  for  all  t  €  (<i,<n]-  This  plus  the  fact  that 
6i$jqij{t)  >  *i6jPij(t)  >  for  t  €  1  <  *\j  <  m,  gives  us 

Finally,  by  continuity  it  follows  that  P(<)  =  Q(<)  on  the  closed  interval 


V)  EXAMPLES 

In  our  final  section,  we  will  give  examples  for  which  hypothesis  (H)  holds. 
Example  n=2: 

In  this  example  we  have  Lu  =  u"  +  p\ ( t)u'  +  p2(t)u.  Let  <i ,  t<i  he  elements  of 
any  interval  I  over  which  L  is  right  disfocal.  Then,  from  Theorem  5,  our  Green’s 


function  for  (2)  is 


f  -1 

0 

yi(Mi) 

y'i(<2,*) 

yi(<2,ti) 

- 

yi(*.«) 

yi(Mi) 

yi(<2,ti) 

<1  <  5  <  <  <  <2- 
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Now  consider  y\ ( t ,  s)  for  any  t,  s  €  [^i ,  <2]-  We  know  that  yi  (s,  s)  =  0  and  y\ ( t ,  s)  ^ 
0  for  all  t  ^  s  or  else  by  Rolle’s  Theorem  we  contradict  Lu  =  0  is  right  disfocal. 
Thus  yi(t,s)  <  0  for  all#  <  s  and  yi(t,s)  >  0  for  all*  >  s.  We  also  know  that 
s)  =  1  and  that  y[  (t,  s)  ^  0  for  all  t  >  s  or  else  we  again  have  a  contradiction. 
Thus  we  have  that  y[(t,s)  >  0  for  all  t  >  s. 

Then,  when  <1  <  t  <  s  <  <2  we  have  that 

G(M)  =  J—  -A-y'l(h,s)y,(t,tl)) 

__  y[(t2,s)yi(t,ti) 

yi(<2,<i) 

So  G(t,s )  >  0  and  positive  when  tl  <t  <  s. 

When  ti  <  5  <  t  <  <2  we  have 

G(t,s)  =  -  Ayi{t,s)y[(t2,t\)  -  yi(*2,s)yi(Mi)} 

y  i(t2,iij 

_  y[(h,s)y}{t,i1)  -  yiM^M)  0 

y'iihJi) 

Let  z(t)  =  y'1(t2,s)y1{t,t1)  -  yi{t,s)y'1{t2,ti).  Then  :  is  a  solution  of  Ly  =  0 
and  further,  z'(t2 )  =  0  and  2(5)  >  0  since  we  have  shown  that  G(t,s )  >  0  on 
(*!,$].  Thus  we  must  have  that  z(t)  >  0  on  [s, t2]  or  else  we  contradict  Ly  =  0  is 
right  disfocal.  Thus  we  have  that  G(t,s )  >  0  on  [s,  t2)  and  hence  G(t,s )  >  0  for 


t  €  (<1,^2],  s  €  (t\,t2). 
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Also  we  have  that 

.n  y\(i2,s)y\{tuti) 

G  =  - —  — - 

_  yj(<2»3) 
y'li^Ji) 

>0,  s  €  (f  1  > ^2)* 

Thus  we  have  that  when  n  =  2,  hypothesis  (H)  holds  over  any  interval  on  which 
Lu  =  0  is  right  disfocal. 

In  our  next  two  examples  we  will  take  L  to  be  Ly  =  y^nK  We  note  here  that 
when  Ly  =  y(n\  then  Ly  =  0  is  right  disfocal  over  any  interval  I.  This  can  be 
seen  by  the  fact  that  if  y  is  a  solution  of  Ly  =  0,  which  satisfies  yb-1)(tt)  =  0, 
for  i  =  1, 2, . . . ,  n,then  y^n\t)  =  0,  for  all  t  £  I.  This  tells  us  that  y^n-1^(t)  is 
constant,  but  y^n-1^(tn)  =  0.  Thus  y(n-1)  =  0  so  y("~2)  is  constant.  But  again 
y(n~2)(<n— i )  =  0,  so  y(n_2^  =  0.  Continuing  in  this  manner  we  get  that  y  =  0. 
Thus  the  only  solution  to  Ly  =  0  which  satisfies  the  boundary  contitions  is  the 
trivial  solution,  that  is,  Ly  =  0  is  right  disfocal  on  I. 

By  taking  Ly  =  y^n\  our  set  of  n  linearly  independent  solutions  to  Ly  =  0 
is  {l,(*-s),...,(*-s)(n-1)/(n  ~  1)!},  where  s  is  a  fixed  element  of  [ti,t„].  So 
in  our  notation  we  have  yk(t,s)  =  ,  and  for  each  k  =  0, . . . ,  n  —  1,  y*  is  a 

solution  to  the  initial  value  problem  Ly  =  0,  y^;)  =  6yjt,  0  <  j  <  n  —  1. 

This  will  simplify  our  Green’s  function  considerably,  since  yj^  =  yjt-j,  for 
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j  <  k  and  y[j)  =  0  for  j  >  k.  Also  we  have  that 

yhih  ,U) 

y'i'(t3,ti)  yWsSi) 


1  yi(<2i<l)  •••  J/n-2(<2i<l) 

0  1  ...  yn-3(h,ti) 


SoD-l. 


0  0 


y'n~i(h,ti)  | 

y'n-\ 

I 

li’-i'V..*.) 


/  i 


Example  r?  =  3: 

When  n  =  3  our  differential  equation  (-l)n-1Ly  =  0  becomes  Ly  =  y(3)  = 

0  with  boundary  conditions  y(ti)  =  y'(t 2)  =  y"(tz )  =  0-  We  will  show  that 

hypothesis  (H)  holds  under  the  condition  that  (t2  —  ti)  >  (<3  —  *2)-  It  can  be 

shown  that  if  (*3  -  t2)  >  (f2  —  tj)  then  hypothesis  (h)  does  not  hold. 

From  Theorem  5  we  have  that  for  this  equation,  our  Green’s  function  is 
(  for  s  € 

s/i(Mi)  j/2(Mi) 

<1  <  t  <  s  <  <2, 


G(M)  =  < 


0 

yi(Mi) 

yi(<2,s) 

1 

yi(t2Ji) 

1 

0 

1 

y2(t,s) 

yi(Mi) 

y2(Mi) 

yi(t2,s) 

1 

Vl(*2,*l) 

1 

0 

1 

ti  <  ^  <  t  <  t3, 


for  s  €  [t2,U] 

0  yi(Mi)  y2(t,ti) 

0  1  yi(t2>ti) 

1  0  1 

y2(t,s)  yi(Mi)  y2(t,u) 

0  1  yi(t2,ti) 

1  0  1 

For  hypothesis  (H)  we  need  to  show  that  G(t.s)  >  0  for  t  6  (<i,f3],  s  €  (i j,f3), 


t\  <  t  <  5  <  t3, 


t2  <  s  <t  <t3. 


and  that  G'(ti,s)  >  0  for  s  €  (^1,^3).  We  will  first  show  that  G'(ti,s)  >  0  for 
s  €  (t],t3).  First,  let  s  €  j ,  ^  2]-  Then  we  have 


0 

yi(ti^i)  j/2 ( ^  1 , <  1 ) 

0 

1 

0 

<?'(<!,*)  = 

yi(<2,«) 

l  yi(<2,<i) 

= 

yi(h,s) 

1 

yi  (hJi ) 

1 

0  1 

1 

0 

1 

y\(i2,s)  y \(t2-U) 
1  1 


=  yi(h*t\)  ~  yi{t2,s) 


=  (h-t  1)  -  ih  ~  -“0  =  s-  t  1  >  0. 
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If  we  have  that  s  G  then 


0  yi(<i,ii)  y'2(i\,ti) 

0  1  0 

G'(tus)  = 

0  1  yi(<2,<i) 

= 

0  1  yi(t2,t\) 

1  0  1 

1  0  1 

1  0 
l  yi(*2,*i) 


=  yi(<2,*i)  —  (*2  —  *i)  >  0- 


Thus  for  s  G  (<i ,  <3 )  we  have  that  G  '(<i , s)  >  0. 

We  will  now  show  why  the  condition  (<3  — 12)  <  (^2  ~  ^1)  will  insure  us  that 
G(t,s)  >  0  when  t  €  (<i ,  <3],  s  G  (<1 , <3 )-  We  have  two  cases  to  consider,  when 
s  G  {ti,t2\  and  5  €  [*2,  *3/ 

Case  1)  Fix  s  G  (ti, <2]. 

If  t  G  (ti ,  5]  then  we  have  G(t\  ,s)  =  0,  G  '{t\ ,  s)  >  0  and 


G"(t,s) 


0  0  1 
yi(*2,s)  1  yi(<2,<i) 

1  0  1 


=  -1. 


So  G(t,s )  is  concave  down  on  (fj,s]  and  G(fj,s)  =  0  and  G'(ti,s)  >  0.  Thus, 
if  G(s,s)  >  0,  then  G(t,s)  >  0  for  all  t  G  (#1,5].  Now  G(t,s)  is  continuous  at 
t  =  s,  so  if  we  can  show  that  G(t,s )  >  0  for  all  t  G  [^,  #3 ]  then  we  will  have  that 
G(t,s)  >  0  for  all  t  G  (#1,^3],  where  s  is  fixed  in  (#1 ,  #2] • 

Let  t  G  [5,  <3]  and  define 


m  = 


Vi (<,5) 
yi(#2,«) 


1 


yi(Mi)  y2(M ,) 
l  yi(*2,<i)  > 

0  1 


for  f  G  [<  1 , <3].  Now  /(f)  is  a  three  times  differentiable  function  and  /(f)  =  G(/,s) 
for  f  G  [s, #3].  Thus,  /(f)  is  a  solution  to  our  differential  equation  Ly  =  0  and 
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satisfies  the  boundary  conditions  y’(t 2)  =  0  and  y''(f3)  =  0.  Since  /"'(f)  =  0, 
/"(f)  is  equal  to  a  constant.  But  /"(f3)  =  0  so  /"(f)  =  0  and  we  have  that  }'(t)  is 
equal  to  a  constant.  But  /'(f2)  =  0  so  /'(f)  =  0.  Thus  /(f)  is  equal  to  a  constant 
on  [f  1 ,  f 3].  Evaluating  /(t)  at  t\  gives  us 


y2(<i>«) 

yx(fiifi) 

y2(fi,fi) 

y2(fi,$) 

0 

0 

/(*  l)  = 

yi(<2,-s) 

1 

yi(f2,fi) 

= 

yi(f2,«) 

1 

1 

0 

1 

1 

0 

1 

So  /(t)  =  /(<i )  =  y2(ti,s)  =  ■*' ~r--  >  0,  since  s  G  (<1 , <2]-  Thus  G(t,s)  >  0  for 
f  G  [s, <3]  when  s  G  (<1 , <2]-  So  we  have  that  when  s  G  (<i,f2],  G(t,s )  >  0  for  all 
t  €  (f  1  >  f 3]* 


Case  2)  Fix  s  G  [f2,f3). 

When  t  <  s,  we  have  that  G(fi,s)  =  0,  G'(ty,s)  >  0,  and  like  in  case  1, 
G”(t,s)  =  —1.  So,  like  before,  we  only  need  to  consider  G(t,s )  when  f  G  [s,  f3]. 


Let  f  G  [■«,  fs]  and  define 


V2  (M)  yi(f,f|)  jfeCMi) 

0  1 

1  0  1 


m  = 

for  f  G  [f  1 ,  f 3 ]•  So  /(f)  =  G(t,s)  when  f  G  [s,f3].  Again  we  know  that  /'"(f) 


=  0 


and  that  /"(f3)  =  0.  Thus  /'(f)  is  a  constant.  Evaluating  /'(f)  at  s  we  have 


yi(s,s) 

1 

yi(-s,  <1 ) 

0 

1 

yi(Mi) 

f(s)  = 

0 

1 

y\(h,t\) 

= 

0 

1 

yi(f2,<i) 

1 

0 

1 

1 

0 

1 

=  yi(hJi)  ~  Vi{s,U)  =  (<2  -  *j)  -  («  ~  <1)  =  *2  -  <  0. 


Thus  /'(f)  <  0  so  /(f)  is  non-increasing  on  [fi,f3].  So  if  /(f3)  >  0  then  we  would 
have  what  we  want,  0  <  /(f)  =  C(f,s)  for  f  G  [s,f3].  If  we  expand  f(t3)  along  the 
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first  column,  we  get 


f(t  a) 


V2(U,s)  yi{h,ti)  y2(h,ti) 
0  1  yi(<2><i) 

1  0  1 


!/2(<3,s)  + 


V\{h,h) 

1 


y2(*3,*i ) 

V\{h,t\ ) 


=  y2(h,s)  +  {yi(<3,<i)yi(<2,<i)  -  y2(<3,<i)} 


+ 


(U  -  S )2 
2! 

(t3  -  s)2  (t3  -  <1) 


|(<3  - 


^1  )(^2  ~  ^l)  — 


(<3- 


i^} 
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+ 


2! 


{(<2  -  <l)  “  (<3  ~  <2)}- 


Now  is  positive,  but  may  be  small,  so  to  insure  that  /(<3)  >  0  we  must  have 

(t3  —  *2)  <  (*2  —  *i)-  Thus  if  this  holds,  we  have  that  f(t)  >  0  and  so  G(t,s )  >  0 
for  all  t  €  (<i,£3]  and  s  €  [<2^3)- 

Hence  for  the  boundary  value  problem,  Ly  =  y ^  =  0  and  Ty  =  0,  we  have 
that  hypothesis  (H)  holds  provided  that  (<3  —  <2)  <  (^2  —  ti). 

Example  n  —  4: 

In  our  final  example  we  will  take  our  differential  equation  to  be  (— l)n~1  Ly  = 
— y(4)  =  0,  with  boundary  conditions  y*,-1H*i)  =  0,  for  1  =  1,2,3  and  4.  Under 
the  conditions  (<2— 1\)  >  (U  -<2)  and  (t3  -<2)  >  (U  ~U),  we  have  that  hypothesis 
(H)  holds.  For  this  equation  we  have  that  the  Green's  function  is 


G(t,s) 


for  s  G  [<i ,  <2] 

0  yi(Mi)  y2(Mi)  !/3(Mi) 

r/2(<2,^)  1  yi(^2,<i)  y2(<2,<i) 

yi(h,s)  0  1  yi(<3,<i) 

10  0  1 

y3(M)  yi(Mi)  y2(t,ti)  ysCMi) 

yzit  2,-s)  1  yi(*2,<l)  y2(<2,*l) 

yi(<3,5)  0  1  yi(*3,*i) 

10  0  1 

for  5  G  [<2, *3] 

0  yi(Mi)  y2(t,U)  y3(t,h) 

0  1  yi(<2,*i)  y2(<2,<i) 

yi  (<3,  -s)  0  1  yi{U,h) 

10  0  1 

ys(M)  yi(Mi)  yz(<,<i)  ysfo^i) 

0  1  yi(<2,ti)  y2(<2,<i) 

yi  (^3 ,  -s)  0  1  yi(*3,<i) 

10  0  1 

for  5  G  [<3, <4] 

0  yi(Mi)  y2(Mi)  y3(Mi) 

0  1  yi(<2,<l)  V2{t2,il) 

~  0  0  1  yi(<3,*i) 

10  0  1 

y3(f,5)  yi(Mi)  ys(Mi) 

0  1  yi (<2 » )  y2(<2,<i) 

001  yi(<3,<i) 

10  0  1 


ti  <i<s<t2 


<1  <  5  <  t  <  t\ 


t j  <  t  <  s  <  t3 


t2<S<t<t4 


<t  <s  <t4 


t3<S<t<U 


We  will  first  show  that  G'(<i,s)  >  0  for  all  s  G  (<1 , <4).  In  all  cases,  we  have  that 
the  first  row  of  G'(<,s), 

R',(0  =  (0, yj («, <1 ), y^(«, «i ), yi(<, <1 ))  =  (0,  l,yi(Mi),y2(Mi ))-  So  R',(M  = 
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(0, 1,0, 0).  If  we  expand  G  '(t i ,  5)  along  the  first  row,  we  have 


y2(<2,s) 

yi(<2,<i) 

y2(t2,h) 

yi(*3,s) 

1 

yi  (<3,ti) 

1 

0 

1 

0 

yi(<2,*i) 

y2{t2,U) 

yi(<3,a) 

1 

yi(U,ti) 

1 

0 

1 

0  J/l(<2^l)  !/2(*2><l) 

0  1  yi(<3,<l) 

1  0  1 


fl  <  5  <  <2, 


t2  <:  S  <  <3, 


<3  <  S  <  <4. 


If  we  consider  G  '(<1 ,  s)  as  a  function  of  s,  we  can  define  functions  /i,(s)  on  [tj ,  t4] 
for  i  =  1,2,3  to  be 


hi(s) 


h2{s) 


y2(<2>«) 

yi(<2,fi) 

i&(*2,fi) 

yi(<3,«) 

1 

yi(*3,M 

ti  <  s  <  f4, 

1 

0 

1 

0 

yi(t2,U) 

yi(h,U) 

yi(<3,«) 

1 

yi{h,ti) 

ti  <  s  <  t4, 

1 

0 

1 

hM 


0  yi(t2,t\)  y2 (^2 ) ) 

0  1  yi(<3,<i) 

1  0  1 


ti  <  s  <  t4. 


Then  hi(s)  =  G'(<i,s)  when  s  €  [t;,t,+i],  for  i  =  1,2,3.  We  will  need  to  take  the 
derivative  of  these  functions  so  we  note  that  =  (— 1);  yk-j(t,  s)  if 

k  >  j  and  zero  otherwise.  Also  we  have  that  (<2 )  =  ^2(^2)  and  ^2(^3)  =  J13 (s), 
since  /13  is  a  constant  function. 

Now  h\(t\)  =  0  since,  in  this  determinant,  the  first  and  last  columns  are 
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equal.  Also,  we  have  that 

yi(*2,s)  yi(<2,*i)  y2(<2,<i) 

h'i(s)  =  —  i  1  yi(*3,<i)  i 

0  0  1 

so  that  h\(ti)  =  0  since,  in  this  case,  the  first  and  second  columns  are  equal. 
Finally, 

1  yi(f2,*i)  y2(*2><i) 

h"(s)=  0  1  yi(t3,<i)  =1. 

0  0  1 

The  last  equation  gives  us  that  h\  is  increasing  on  [<i,t4].  Now  h\(t\)  =  0  so 
h\  >  0  on  (<i,<4].  So  hi  in  increasing  on  this  interval  and  hi(ti)  =  0.  Thus  we 
have  shown,  in  particular,  that  hi(s)  >  0  for  all  s  in  (ti , <2]* 

Now 

0  yi(<2,<i)  V2(hJi) 

h'2(s)  —  —  1  1  yi{t3,ti)  =  yi(<2i^i)  =  (*2  ~  U)  >  0. 

0  0  1 

So  /) 2  is  an  increasing  function  with  h2(t2)  —  hi(t2)  >  0-  Thus  h2  is  positive  on 

[<2,<3]- 

Finally,  h3  is  constant  and  h3(s)  =  h2(t3)  >  0.  So  h3  is  positive  on  [t3,  t4]. 
Putting  this  all  together  we  have  that  G'(ti,s)  >  0  for  all  s  in  (fi,f4). 

We  will  now  show  why  the  conditions  (t2  —  t\ )  >  (<4  —  t2)  and  (f3  —  t2)  > 
(t4  -  <3)  insure  us  that  G(t,s)  >  0  for  (f,s)  €  (<i,<4]  x  (tuU).  We  have  three 
cases  to  consider. 


'ase  1:  Fix  s  €  (<1,^2] 
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For  1 1  <  t  <  s  we  have  that 


0  0  1  yi(Mi) 

__  |/2(<2  ,-s)  1  yi(*2,<l)  V2(<2,<l) 

yi(U,s)  0  1  yi(<3,*i) 

10  0  1 

0  1  y»  (Mi) 

=  -  yi(<3,s)  1  yi(<3,<i) 

1  0  1 

=  yi(<3,s)  -  {yi(^3,<i)  -  yi(Mi)} 


—  (^3  —  -s)  ~  (<3  ~  tl)  +  (t  ~  tl) 


=  t  —  s  <  0  since  t  <  s. 


So  G(t,  s)  is  concave  down  on  (tj ,  s),  G(tj ,  s)  =  0  and  we  have  already  shown  that 
G'(ti,s)  >  0.  Thus  if  G(s,s)  >  0,  then  G(t,s)  >  0  for  all  t  in  (ti,s].  Now,  since 
G(t,  s )  is  continuous  at  t  =  s,  we  only  need  to  show  that  G(t,  s)  >  0  for  t  >  s. 

We  know  that  in  t,t  ^  s,  G(t,s)  satisfies  y^  =  0.  Also,  since  t  >  s,  s  € 
(ti ,  <2] »  G(t,s)  will  satisfy  the  boundary  conditions  y^'~1^(ti)  =  0,  for  i  —  2,3  and 
4.  Sc  G  (4\t,  s)  =  0  which  tells  us  that  G  s )  is  a  constant.  But  G  *3*(t4,  s)  =  0 
so  G  ^(t,  s)  =  0  which  tells  us  that  G  "( t ,  s)  is  a  constant.  But  again,  G  "(t$,s)  = 
0  so  G '( t ,  s)  is  a  constant.  Finally,  G'(t2,  s)  =  0  so  we  have  that  G(t,  s)  is  constant 
for  t  >  s.  Now,  let  f{t)  be 

ya(M)  yi(Mi)  y2(Mi)  y3(Mi) 

f(t)  =  -  y2^2’5^  1  yz(<2,ti) 

yi(<3,s)  0  1  yi(<3,<i) 

10  0  1 
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So  we  have  that  f(t)  =  G(t,s )  when  t  6  [s,  t4].  Evaluating  /  at  1 1  gives  us 

y2(t1,t1)  y3(tuU) 

V2(t2.s)  1  yi(*2,*l)  y2(<2, <1 ) 

1  yi(<3,«)  0  1  yi(<3,<i) 

10  0  1 

y3(ti,s)  00  0 

V2(t2,s)  l  y\(U,ti)  y2(<2,<i) 

yi(<3,5)  0  1  yi(*3,<i) 

10  0  1 

=  -y3(<i,-s)  =  >  0,  since  ti  <  s. 

Thus  f(t)  >  0  for  all  t  in  [<i,f4].  So  G(t,s)  >  0  when  t  €  [s,Z4].  But  this  implies 
that  G(t,s)  >  0  for  all  t  €  (Zi,f4]  when  s  e  (<i , <2]- 

Case  2:  Fix  s  €  [<2,  *3]-  Let  t  €  (<1,5]  and  consider  G"(t,s).  As  in  Case  1,  we  will 
have  that  G"(Z,s)  =  t  —  s  <  0.  This  can  be  easily  seen  since  the  only  difference 
between  this  Green’s  function  and  the  one  in  Case  1,  is  the  element  y2^2,  s),  which 
lies  in  the  second  row,  first  column  slot.  After  taking  two  derivatives  of  G(t,s), 
we  will  expand  along  the  second  column,  which  has  only  one  nonzero  element,  in 
the  second  slot.  This  will  eliminate  the  element  y2(Z2>s),  and  G"(t,s )  will  be  the 
same  as  in  Case  1.  Thus  G"(t,s )  <  0,  so  G(t,s )  is  concave  down  on  (*i,s].  Since 
G(ti,s)  =  0  and  G'(tj,s)  >  0,  we  only  have  to  show  that  G(s,s)  >  0.  But  then, 
by  continuity,  we  only  need  to  show  that  G(Z,s)  >  0  for  t  €  [s,Z4]. 

We  now  let  t  €  [s,  <4].  We  know  that  G(Z,  .s)  is  a  solution  to  y ^  =  0  on  (s,  Z4] 
and  satisfies  the  appropriate  boundary  conditions.  So  we  have  that  G^(t,s)  =  0 


86 

and  =  G"(ti,s)  =  0.  This  gives  us  that  G'(t,s)  is  a  constant  function. 

Let  f{t)  be  defined  on  t  G  [<i,<4]  by 


m  =  - 


ys{t,s) 

o 

yi(h,s) 

1 


yi(Mi)  1/2  (^)  ) 
1  yi(<2,<i) 

0  1 

0  0 


i/3(Mi) 
1/2 (<2  ,  ^  1  ) 
yi(*3,<i) 

l 


So  /(<)  =  G(t,s)  when  t  >  s.  This  then  gives  us  that  /'(<)  is  a  constant  function. 
Evaluating  f  at  <2  and  using  properl.  3  of  determinants  we  have 


y2(t2,s) 

1 

yi(h,ti) 

y2(<2,<i) 

0 

1 

yi(<2,<i) 

y2(<2,<i) 

yi(<3 ,s) 

0 

1 

yi(<3,<i) 

1 

0 

0 

1 

V2(t2,s) 

1 

y\(U,ti) 

V2{t2-,t\) 

0 

1 

yi(*2,*i) 

y2^2^l) 

0 

0 

1 

yi(U,h) 

0 

0 

0 

1 

0  1  J/i  (^2 ,  )  l/2(*2i*l) 

0  1  yi(<2^j)  y2(<2,  <1) 

yi(t3,s)  0  1  yi(*3,*i) 

10  0  1 

=  -y2{U,s)  =  -  2,  —  <  0. 


So  /'(<)  =  G'(t,s)  <  0.  Thus  G(t,s)  is  a  nonincreasing  function  on  (s,^].  So  if 
G(t4,s)  >  0,  then  we  would  have  that  G(t,s)  >  0  for  ail  t  in  (<1 , <4]- 

At  this  point  we  ask  ourself,  which  s  value  in  [^2,^3]  give  us  the  ‘least  positive’ 


G(ti,s)  value?  Considering  ^G(<4,s)  as  a  function  in  s  we  have 
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-y2(U,s)  yi{U,ti)  y2(U,h)  y3(U,h) 

d  ri  .  0  1  yi(<2,<i)  y2(<2,<i) 

ds  -1  0  1  yi(*3,*i) 

0  0  0  1 

V2{t*,s)  yi(U,ti)  y2(U,ti) 

=0  1  yi(<2><i) 

1  0  1 

=  V2{t4,s)  +  {yi(<4,<l)yi(f2,*l)  -  */2(*4,M} 

=  i-k^-  +  <2)}. 

Since  we  required  that  (<2  —  *i)  >  (f4  —  <2)  then  we  have  that  ^G(f4,.s)  >  0  for 
all  s  €  [*21*3]-  Thus  under  this  requirement  we  have  that  G(/4,.s)  is  an  increasing 
function  in  s,  so  G(t4,t$)  <  G(<4,s)  for  all  s  E  [*21*3]-  Now  we  know  that  G(t,s) 
is  a  continuous  function  in  both  t  and  s  and  so  G(t4,t2)  =  G{i*.if)  =  G(t4,t2). 
And  we  proved  in  the  previous  case  that  G(t,s )  >  0  for  all  t  €  (t],<4],  s  €  (t],t2]. 
Thus  0  <  G(t4,t2)  <  G(t4,s)  for  all  s  €  [*21*4]  provided  that  (t2  —  fj)  >  (t4  —t2). 

Summing  up,  we  have  shown  that  if  (t2  —  i\)  >  (t4  -  t2),  then  G(t,s)  >  0  for 
all  t  in  s  fixed  in  [<2 > ^3]* 

Our  final  case  is  when  s  is  an  element  of  [<3, <4). 


Case  3:  Fix  s  € 
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Let  t  <  s  and  consider  G"(t,s)  which  is 

0  0  1  yi(Mi) 

0  1  yi(<2,<i)  y2(<2,<i) 

G  0  0  l  yi(t3,<i) 

10  0  1 

0  1  yi(Mi) 

=  l  y2(t2,ti) 

0  1  yi(*3,*i ) 

=  yi(Mi)  -  yi(h,ti)  =  (t-  *i)  -  (*3  -  *i) 


l  yi(Mi) 

l  yi(<3,<i) 


=  (t-t3). 


This  gives  that  G(t,s )  is  concave  do,,rn  on  [<i , <3 )  and  concave  up  on  (<3,5].  Since 
G(tus )  =  0  and  G'(t\,s)  >  0  then  all  we  have  to  worry  about  is  the  sign  of  G(t,s) 
for  i  €  [<3,s].  We  know  G'(t2,s)  =  0  and  G"(t,s)  =  t  -  t3,  so  G'(t,s )  <  0  on 
(*2,^3]  and  then  begins  to  increase.  Now,  if  g(t)  is  a  third  order  polynomial,  it  is 
easy  to  see  that  if  g'(a)  =  0  and  g"(b )  =  0,  then  y'(c)  =  0,  where  c  =  b  +  (b  —  a). 
Thus,  since  G(t,s)  is  a  third  order  polynomial  and  G'(t2,s)  =  0  and  G"(t3,s)  =  0 
we  must  have  that  G'(t0,s )  =  0  where  t0  =  f3  +  (t3  —  t2).  {This  is  easily  verified 
for  G{t,s),  although  algebraically  horrendous.} 

Now  we  know  that  s  <  t3  +  (t3  — 12 )  since  we  required  that  <t3  +  (t3  -  t2), 
that  is  (<4  -  t3)  <  (t3  -  t2).  Thus  we  have  that  G(t,s )  will  be  decreasing  on 
(<2,s].  This  gives  us  that  if  G(s,s)  >  0,  then  G(f,s)  >  0  for  all  t  €  Again 

by  continuity  of  G(t,s)  at  t  =  s,  we  only  need  to  show  that  G(t,. s)  >  0  for  all 

t  €  [a, <4]. 
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Let  t  be  in  the  interval  [5,  <4]  and  consider  G"(t,s )  which  is 

yi(M)  0  1  yi(Mi) 

v  0  1  yi(f2,<i)  y2(<2,<i) 

v  '  00  1  yi(<3,<i) 

10  0  1 

yi(M)  1  yi(Mi) 

=  -  0  1  yi(*3,<i) 

1  0  1 

=  -yi(M)  -  {yi(<3,<i)  -  yi(Mi)} 

=  -(<  -  a)  -  {(*3  -  <1)  -  (<  -  <1)} 

=  (s  —  <3)  >  0,  since  t3  <  s  <  t4. 


This  gives  us  that  G'(t,s)  is  nondecreasing  for  t  E  [s,<4]-  If  we  could  show  that 
G'(t4,s)  <  0  then  G(t,s)  would  be  a  decreasing  function  on  [s,t4].  Then,  if 
G(ti,s)  >  0  we  would  have  that  G(t,s)  >  0  for  t  €  [s, <4 ] .  Consider 

y2(*4,s)  1  yi(<4,<i)  V2(U,U) 

r,,.  v  0  1  yi  (<2 ,  <1 )  y2(*2,*l) 

001  yi(<3,<i) 

10  0  1 

1  y2(<4,<i) 

=  -y2(U,s)+  l  yi(*2»<i)  y2(*2,<i)  • 

0  1  yi(<s,<i) 


Now  — y2(<4,s)  =  {(<4  —  s)2/2!}  <  0  so  we  will  only  consider  the  determinant  term. 
We  now  define  the  function  /i(r),  to  be  the  determinant  term  with  tj  replaced  by 
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r.  So 


h{r)  = 


1  Vi(U,r) 

1  yi(*2,r) 

0  1 


V2(t4,r) 

V2(t2,r)  , 

yi(t3,r) 


which  gives 


1  1  y2(<4,r) 

1  yi(h,r)  yi(t4,r) 

h'(r)  =  - 

1  1  y2(<2  ,r) 

— 

1  yi (<2,r)  yi(f2,r) 

0  0  yi (t3,r) 

0  1  1 

=  0. 


Thus  h(r)  is  a  constant.  Evaluating  h  at  t4  gives  us 


1 

yi(U,U) 

y2(<4,<4) 

1 

0 

0 

h(t 4)  = 

1 

y\(h,U) 

y2(<2,<4) 

— 

1 

yi(<2,h) 

y2(h,h) 

0 

1 

yi(h,U) 

0 

1 

yi(h,<4) 

=  yi(*2,*4)yi(<3,*4)  -  y2(<2,*4) 


=  (<2  -  <4  )(<3  -  <4)  -  ^ 2  9|  ^ 

=  (*4  ~  #2  )(<4  ~  h)  -  ^  ~  ^ 

=  {uZt2)  {(u-h)-(u  -t2)}. 


Thus  we  have  that  h(r)  <  0,{and  so  our  determinant  is  <  0}.  provided  that 
(t4  —  <3 )  <  (h  —  h ),  our  earlier  constraint!  This  gives  us  that  G  '(t4 ,  s)  <  0,  so  we 
have  that  G(t,s )  is  decreasing  in  t  on  [s,  f4]  provided  that  (f4  —  <3)  <  (<3  —  t2). 
Hence  if  G(t4,s)  >  0,  then  G(t,s)  >  0  for  all  t  in  (s,f4]. 

If  we  consider  G(<4,s)  as  a  function  of  s,  then  we  wish  to  find  the  s  value 
which  will  give  us  the  ‘least  positive’  value  of  G(f4,  s).  Taking  the  derivative  with 
respect  to  s  gives  us 


-yi(U,s) 

yi(U,ti) 

J/2  (^4  t  ) 

J/3  (^4  >  ^1 ) 

d  . 

0 

1 

y 

y2(<2,<i) 

-G(U,3)  =  - 

0 

0 

1 

yi(*3,ti) 

0 

0 

0 

1 

=  y2(U,s)  =  2,  ^  >  0. 


Thus  G(t4,s)  is  increasing  in  s  for  s  in  [<3,i4).  This  gives  us  that  G(t4,t 3)  < 
G(t4,s)  for  all  s  €  [*3,t4).  But  from  Case  2)  and  continuity  we  know  that 
G(t4,i3)  >  0  provided  that  (<2  -  *1)  >  (*4  —<2)-  Hence  we  have  that  if  (t2  -  *i)  > 
(<4  -  t-i)  and  (<3  -  <2)  >  (<4  -  <3)  then  G(t,s)  >  0  for  all  t  6  (<i,t4],  s  €  [<3,  <4)- 
Thus,  combining  all  of  our  cases,  we  have  shown  that  if  we  have  (t2  —  t\)  > 


(<4  —  <2)  and  (t3  —  t2)  >  (t4  —  <3)  then  G(t,  s)  >  0  for  all  t  £  (<i,<4],  s  £  (<i,i4). 
Since  we  also  showed  that  G'(<i,s)  >  0  for  all  s  €  (<1,^4),  we  have  that  when 
Ly  —  y(4)  we  have  that  hypothesis  (H)  holds. 
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Chapter  4 

Applications  to  Difference  Equations 

I)  INTRODUCTION 

In  this  chapter  we  will  show  how  the  results  from  our  last  chapter  will  also 
hold  for  an  n-th  order  linear  difference  equation.  Many  of  the  definitions  and 
notation  used  will  be  from  Hartman  [9],  and  Hankerson  and  Peterson  [6,7].  In 
general,  interval  notation  will  specify  an  interval  of  integers.  So,  for  example, 
[a,  b)  will  mean  the  set  of  integers  {a, a  +  1, a  +  2, . . . ,  b  —  2,  b  —  1}. 

Let  n  be  an  integer  greater  than  or  equal  to  two  and  k  a  fixed  integer  with 
1  <  k  <  n  —  1.  We  define  the  n-th  order  linear  difference  equation 

n 

(1)  Ly(t)  =  ^  Qi(t)y(t  —  k  +  i)  =  0,  t  €  [a  +  k,  b  +  fc] 

i=0 

where  we  assume  the  coefficients  a, -(f)  are  defined  on  [a+k,  6+fc],  for  i  =  1, 2, . . . ,  n, 
o„(t)  =  1,  and  a0(t)  satisfies 

(2)  (-l)"ao(0  >  0, 

for  t  €  [a  +  k.b  +  &].  We  note  that  solutions  to  our  difference  equation  (1)  are 
defined  on  [a,  b  +  n]. 
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Condition  (2)  implies  a0(t )  ^  0  for  all  t  6  [a  +  k,  b  +  k],  and  this  guarantees 
that  solutions  to  the  intital  value  problem 

Ly{t)  =  h(t) 

y(t0  4-  i)  =  yi,0  <  i  <  n  —  1, 

for  t0  €  [a,  6],  exist  on  [a,  b  +  n],  and  that  (1)  has  exactly  n  independent  solutions 
on  [a,  b  +  n]. 

We  define  the  difference  operator  A,  by  A y(t)  —  y(t  +  1)  —  y(t).  We  can  then 
recursively  define  the  operators  A ly(t)  =  A(A,-1y(t))  for  i  =  1,2,...,  where  it 
is  understood  that  A °y(t)  =  y(t).  We  note  that  by  induction,  we  can  also  define 
the  the  ith  order  difference  operator  A',  by 

A'yW  =  £(-l  yf'.W+i-j). 

j= 0  ^  ' 

Heirtman  [9]  gives  us  the  following  definition. 

Definition:  Let  y(t)  be  a  solution  of  (1).  We  say  that  y  has  a  generalized  zero  at 
to  if  either  y(t0)  =  0  or  there  exists  an  integer  j,  with  1  <  j  <  ta  —  &  such  that 

(-l);y(<o  -j)y(t0)  >  0,  and,  if  j  >  1, 

y(t)  =  0,  for  to  -  j  <t  <  t0. 

II)  THE  GREEN’S  FUNCTION: 

Let  m  >  1  and  detine  the  n-th  order  vector  difference  equation  Lu(t)  = 
H"=o  ai(0u(*  —  k  +  I),  t  €  [a  +  k,b  +  k]  where  u(t )  is  an  m-column  vector  such 
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that  u :  [a,  6  +  n]  — ►  7Zm  and  the  a,’s  are  as  in  (1).  Also,  let  P(t )  =  (pi>(<))> 
Q(t)  =  ( qij(t ))  be  discrete  m  x  m  matrix  functions  on  [a  +  k,b  +  k]  and  let 
a  =  t\  <  <2  <•••<<„  =  6  +  1. 

We  consider  the  n-point  right  focal  eigenvalue  problem: 

(3)  (  — l)n-1Xu  =  A  P(t)u 

Tu  =  0, 

where  Tu  =  0  denotes  the  boundary  conditions  A ,~1y(ti)  =  0,  i  =  1, 2, . . . ,  n,  and 
a  =  1 1  <<2  <  •••  <  tn  =  6  +  1.  The  Green’s  function  for  the  scalar  difference 
boundary  value  problem 

(4)  (-ir-1ly  =  0 

Ty  =  0 


where  Ly  and  Ty  are  as  above,  but  defined  appropriately  for  the  scalar  case,  has 
different  properties  then  its  differential  equation  analog.  These  properties,  given 
in  Hartman  [9],  are  in  the  following  lemma. 

LEMMA  1.  Suppose  the  function  G(t,s )  has  the  properties: 

i)  G(t,  s )  is  defined  on  [a,  b]  x  [a  +  k ,  b  +  fc]; 

ii)  For  each  fixed  s  £  [a  +  fc,6+fc],  LG(t,s)  =  (— l)n_1<5t«  for  all  t  £  [a,6  +  n], 
where  Si,  is  the  Kronecker- delta  function; 

Hi)  For  each  fixed  s  £  [a  +  k,  b  +  k],  A 1-1  s)  =  0,  i  =  1, 2, . . . ,  n. 
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Then,  for  h(t )  defined  on  [a  +  k,b  4-  k],  we  have  that  y(t)  =  YL»=a+k  G(t,s)h(s) 
solves 


(-1 Ly(t)  =  h(t) 


Ty  =  0. 


PROOF:  The  proof  is  straight  forward.  For  t  €  [a  +  k,  b  +  fc], 

t  b+k 

(-l)”-'l!,(()  =  (-l)"->L  Y,  G(t,s)h(s) 

's=a+k 

b+k 

=  (-!)"-■  E  LG(t,s)h(s) 

*=a+Jfc 

b+k 

»=o+fc 

=  h(t) 


The  boundary  conditions  are  satisfied  by  condition  iii)  in  our  definition. 

Similiar  to  differential  equations,  we  now  define  what  it  means  for  a  difference 
equation  to  be  right  disfocal. 

Definition:  The  difference  equation  Ly  =  0  is  said  to  be  right  disfocal  on  an 
interval  [a,b  +  n],  if  there  does  not  exist  a  nontrivial  solution  y  of  Ly  ~  0  and 
points  <i  <  <2  <  •  •  •  <  <n  €  [a,  6  +  1],  such  that  A ,-1y  has  a  generalized  zero  at  f  j, 
1  <  i  <  n. 

We  now  introduce  some  more  notation.  For  each  fixed  integer  s  in  the  interval 
[a,  b  +  1],  let  {y0(f,-s),  y\  (f,s), . . . ,  yn-\{t ,  s)}  be  the  set  of  (linearly  independent) 
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solutions  of  Ly  =  0,  where  A'yj(t,  s)|t=a  =  0  <  j,  k  <  n  —  1.  This  tells  us 

that  yj(t,  s)  has  j  zeros,  at  s,  s  +  1, . . . ,  s  +  j  —  1  and  yj(s  +  j,  s )  =  1. 

One  more  final  bit  of  notation.  For  j  =  1, 2, . . . ,  n  —  1,  define  the  interval  I} 
of  integers  by 


f  [ti  +  k,U  +  k  -  1],  for  j  =  1 

\  [tj  +  k  —  1,  tj+i  +  k  —  1],  for  2  <  j  <  n  —  1. 


Let  Ly  =  0  be  right  disfocal.  Then,  for  each  fixed  s  £  Jy,  t  €  [a,  b  +  n],  we 

define  the  functions  Uj(t),  Vj(t),  for  j  =  1, 2, . . . ,  n  —  1,  by 

0  yi(Mi)  ...  yn-i(Mi) 

0  Ayi(t2,<i)  ...  Ayn_i(<2,<i) 

l  l  *  •  l 

Uj  (t)  =  0  A-,_1yi(tJ,ti)  ...  A^_1yn_i  (t>,  <i) 

AJy„-i(tj+i,«)  AJyi(tj+i,<i)  ...  AJ’y„-i(<,'+i,*i) 

An~1y„_i(t„,i)  A"_1yi(t„,ti)  ...  An_1y„_i(tn,ti) 
where  s  =  s  —  k  +  1  and  iy(t)  is  the  same  as  Uj(t )  except  we  replace  the  zero  in 
the  first  row,  first  column  by  yr,_i(f,  s  —  k  +  1).  In  the  above  formula,  D  is  given 
by 

Ayi(t2><i)  Ay2(t2,<i)  •••  Ay„_i(t2,<i) 

A2yi(<3,<i)  A2y2(<3,<i)  ...  A2y„_i(<3,ti) 

D  =  . 

An_1yi(<„,ti)  An-1y2(t„,ti)  ...  An~1y„_i(tn,ti) 

The  functions  Uj,  Vj,  j  =  1,2, ...,n  —  1,  are  well  defined  provided  that  D  /  0. 

As  in  the  last  chapter,  Ly  =  0  being  right  disfocal  guarantees  us  that  D  ^  0. 

To  see  this,  we  again  suppose  that  D  =  0,  and  let  A  =  (A’y^ti+i,^)),  for 
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1  <  i,j  <  n  —  1.  Then  we  have  that  | A [  =  D,  where  |A|  is  the  determinant  of  A. 
Since  D  =  0,  that  is  | Aj  =  0,  we  know  that  there  exists  a  nontrivial  column  vector 
C  =  (Ci ,  C2,  •  •  •  j  Cn~  1  so  that  AC  =  0.  Let  z(t )  =  Giyi(t,ti )  +  C* 2 j/2  (^ ■>  )  + 

•••  +  Cn-iVn-i  (t,  ti  )•  Since  z(t )  is  a  linear  combination  of  solutions  of  Ly  =  0, 
we  have  by  linearity  of  X,  that  Lz  =  0.  Now  2(^1)  =  0  since  yj(t\,ti)  =  0  for  each 
j  =  1,2, . . .  ,n  —  1.  Also,  A*z(<,-+i)  =  0  for  t  =  1,2, ...  ,n  —  1,  since  A*r(t,+i )  is 
the  i-th  row  of  A  times  the  column  vector  C,  and  AC  =  0.  Thus,  Lz  =  0  and 
Tz  =  0  and  z  is  not  identically  zero  since  C  is  nontrivial.  This  contradicts  Ly  =  0 
is  right  disfocal.  Hence  9^0  and  our  functions  Uj,  Vj,  for  j  =  1, 2, . . . ,  n  —  1 
are  well  defined.  Now  that  we  have  established  that  9/0,a  standard  argument 
shows  that  D  >  0. 

We  note  that  since  L  is  linear,  Uj,  vj  are,  for  each  fixed  s,  solutions  of  Ly  =  0. 
With  our  functions  uj,  vj  defined,  we  can  now  go  on  to  define  our  function  G(t,  s). 

Lemma  2.  Assume  that  Ly  =  0  is  right  disfocsd  on  [a,  6  4-  n].  For  each  fixed 
s  (z  I},  Jet 


(5) 


for  t  <  s  —  k  +  n 
for  t  >  s  —  k  +  n. 


Then  G(t,s )  satisfies  the  properties  i )~iii)  of  Lemma  1. 


PROOF:  We  need  to  show  that  G(t,s)  satisfies: 
i)  G(t,  s )  is  defined  on  [a,  b  +  n]  x  [a  +  k,b  +  k). 

ii)  For  each  fixed  s  €  [a  +  k,  b  +  fc),  LG(t,  s)  =  (— l)n-1<5ti  for  t  €  [a,  b  +  n]. 
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iii)  For  each  fixed  s  €  [a  +  k,  b  +  fc],  A'  1  G(ti,s)  =  0,  for  i  =  1, 2, . . . ,  n. 

To  show  that  G(t,s )  satisfies  these  properties,  we  first  note  that  from  the 
definitions  of  Uj(t)  and  Vj(t),  we  have  that  —  =  (  —  l)n-1y„_]  (t,  s  —  k+l). 

Then  since  yn_i(s  —  k  +  1  +  i,  s  —  &  +  1)  =  0  for  t  =  0, 1, . . . ,  n  —  2,  we  have  that 
Vj(t)  =  uj(t)  for  t  €  [s  —  fc  +  1,  s  —  A:  +  n  —  1].  Thus  we  can  similarly  define  G(t,s) 
as 


(6) 


f  for  <  <  s  —  k  +  n 

\  Vj(t),  for  t  >  s  —  k  +  1. 


It  is  clear  from  our  definition  of  Uj(t)  and  vj(t )  that  G(t,s)  satisfies  i).  To  show 
ii),  let  s  be  a  fixed  element  of  [a  +  k,  b  +  fc],  so  s  €  Ij  for  some  j.  Let  t  <  s.  Then 
for  i  =  0, 1, . . . ,  n,  we  have  t  —  k  +  i  <t  —  k  +  n<s  —  k  +  n,  so  we  get  from  (1) 
and  (6)  that 

LG(t,s )  =  £"=0  a,(t)G(t  -  k  -f  t,s)  =  ««'“>(*  “  *  +  0  =  =  0,  since 

tty  is  a  solution  of  Ly  =  0. 

If  t  >  s,  then  t  >  s  +  1,  so  that  for  t  =  0, 1, . . . ,  n,  we  have  t  —  k  +  i  > 
s  +  1  —  k  +  i  >  s  —  fc  +  1,  so  again  from  (1)  and  (6)  we  have 
LG(t,s )  =  £"=0  ai(t)G(t  -k  +  i,s )  =  a,  (<)»,•(<  -k  +  i )  =  Lvj(t)  =  0,  since 
Vj  is  a  solution  of  Ly  =  0. 

We  now  let  t  =  s.  Then  since  s  —  k  +  i  <  s  —  k  +  n  for  i  =  0, 1, . . . ,  n  —  1, 
we  have  from  (6)  that  G(.s  —  k  +  i,  s )  =  uj(s  —  k  +  i)  for  i  =  0, 1, . . . ,  n  —  1,  and 
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G(s  —  k  +  n,s)  =  v}(s  —  k  +  n).  Then 

n 

LG(s,s)  =  ^  ai(s)G(s  —  k  +  i,s) 

i=0 
n  — 1 

=  aiG(s  —  k  +  i,s)  +  an(s)G(s  —  k  +  n,s) 

1=0 
n  — 1 

=  ^  Cti(s)uj(s  -  k  4-  i)  +  —  k  +  n),  {since  a,,  =  1} 

i=0 

n 

=  vj(s  —  k  +  n)  —  tij(s  —  k  +  n)  +  a>(5)u>(5  —  k  +  i) 

i=0 

=  (-l)"-1yn-i(s  -fc  +  n,s-fc  +  1)  +  Xuj(s) 

=  -  *  +  1)  +  (n  -  l),s  -  k  +  1) 

=  (-ir-\ 

So  LG(s,s)  =  (-1)”-1. 

Since  s  was  an  arbitrary  element  of  [a  +  k,  b  -f  k]  we  have  that  for  each  fixed 

5  €  [fl  4"  k,  b  +  fc],  LG(t , s)  =  ( — 1)”  1  <5t*. 

Lastly,  we  need  to  show  that  for  each  fixed  s  £  [a  +  k,  6  +  k],  A'~1G(t,,s)  =  0 
for  i  =  1, 2, . . . ,  n.  Fix  s  €  [a+k,  b+k ],  so  s  £  I}  for  some;.  Consider  G(*i ,  s ).  Now 
t\  +  k  <  s,  so  <i  <  s  —  k  <  s  —  k  +  n  which  gives  us  from  (6)  that  G(*i,s)  =  Uj{t i). 
Since  yj{U,t\)  =  0  for  j  =  l,2,...,n  -  1,  we  have  that  the  top  row  of  the 
determinant  which  defines  Uj,  is  all  zeros  and  so  G(ti,.s)  =  0. 

Now,  consider  A,-IG(t,,  s)  wheic  t,  <  i  >  2,  where  this  j  is  such  that 
s  £  Ij.  For  r  =  0, 1, ...  ,i  -  1,  we  have  that  t,  +  i  -  1  -  r  <  U  +  (i  -  1)  < 
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tj  4-  j  —  1  <  s  —  k  +  1  +  j  —  1  (since  t j  +  k  —  1  <  s)  <  s  —  k  +  j  <  s  —  k  -f  n,  since 
j  <  n  —  1.  So  i,-  +  i  —  1  —  r  <  s  —  t  +  n,  for  r  =  0, 1, . . . ,  i  —  1.  Thus  from  (6), 
G(t,  4-  i  —  1  —  r,  s)  =  —  1  —  r).  Hence,  if  we  let  s  =  s  —  k  +  1  then 

&i-1G(U,s)  =  At-'ujiU) 

0  ...  A,_Iyn_i(<i,«j) 

0  Ayj(<t,<i)  •••  Ayn_i(t,,<i) 

A"-1yn_i(fn,£)  A"~1yi(<n,ii)  An-1yn-i(*„,  <i) 

=  0, 

since  the  first  and  the  i-fA  row  are  equal.  Thus  we  have  shown  that  A,-1G(f, ,  s)  = 
0  for  i  =  1,2, .. . ,  j. 

Now  let  j  <  i  <  n  so  tj+i  <  ti.  Then  for  r  =  0, 1, . . . ,  i  —  1, 
ti  +  i  —  1  —  r  >  ti 

^  <7+1 

>  s  —  k  +  1,  since  s  <  <y+i  +  £  —  1. 

Thus  by  (0)  we  have  G(t,  +  i  —  1  —  r,s)  =  +  t  —  1  —  t).  Hence,  if  we  again 

let  i  =  s  —  fc  +  1 ,  then 

A,_1y„_i(fi,  J)  A,-1yi(<i,fi)  ...  A  ,_1y„_i(<i,fi) 

0  Ayi(t,,fi)  ...  Ayn_i(fi,<i) 

-  (-nn-* 

—  d  :  :  : 

An-1y„_i(t„,i)  An_1yi(t„,fi)  A  n~1yn-i(tn,t1) 

=  0, 
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since  the  first  and  the  i-th  row  are  equal.  Thus  we  have  shown  that  A'-1  G(t{,  s)  = 
0  for  j  <  i  <  n.  Combining  the  last  two  cases,  we  have  shown  that  A1-1  G(t ,,  s)  = 
0  for  i  =  1, 2, . . . ,  n.  Since  s  was  a  fixed  but  arbitrary  element  of  [a  +  b  +  k], 
we  have  shown  that  G(t,s)  satisfies  condition  iii)  and  this  completes  the  proof  of 
Lemma  2. 

It  is  easy  to  see  that  if  Ly  =  0  is  right  disfocal,  then  the  function  G(t,  s )  from 
Lemma  2  is  unique.  For  suppose  that  H(t,s )  satisfies  the  properties  i)— iii).  Then 
for  s  a  fixed  but  arbitrary  element  of  [<i  +  k,tn  +  fc],  define  the  function  w(t)  = 
G(t,s)  —  H(t,s).  From  property  ii),  we  have  that  Lw(t )  =  L(G(t,s)  —  H(t,s ))  = 
LG{t,s )  -  LH(t,s)  =  =  0.  Also  A4u;(<)  =  A {G(t,s)  - 

A so  from  property  iii)  we  have  that  A,-1iu(<i)  =  0  for  i  =  1, 2, . . . ,  n. 
Thus  since  Ly  —  0  is  right  disfocal  we  must  have  that  w{t )  =  0  for  all  t  €E  [a,  fc  +  n], 
and  since  s  was  an  arbitrary  element  of  [a  +  fc,  6  +  k]  we  have  that  G(t ,  s)  =  H(t,  s ) 
on  [a,  b  +  n]  x  [a  +  k,  b  4-  &].  Hence  G(f,  s)  is  unique. 

We  now  define  the  Green’s  function  for  the  boundary  value  problem  (4). 
Definition:  If  Ly  =  0  is  right  disfocal,  then  the  function  satisfying  the  properties 
i)— iii)  of  Lemma  1,  is  called  the  Green’s  function ,  G(t,s),  for  the  boundary  value 
problem  (4). 

This  definition  will  allow  us  to  summerize  the  last  two  lemmas  in  the  following 
theorem. 

Theorem  3.  If  Ly  =  0  is  right  disfocal  on  [a,  b  +  n],  then  the  boundary  value 


problem 
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(-1  )"-'Ly  =  fc(0 

A'~1y(ti)  =  0 ,  for  i  =  1,2, ...  ,  n 

has  a  unique  solution,  y(t),  given  by 

fc+fc 

y(f)  =  G(t,s)h(s),te[a,b  +  n] 

s=a  +  k 

where  G(t,  s)  is  the  Green’s  function  for(  —  l)n~1Ly  =  0,  A  ,_1y(t,)  =  0,  1  <  i  <  n, 
and  is  given  by  (6). 

We  will  close  this  section  with  the  following  hypothesis. 

Hypothesis  (Hi:  Let  the  difference  equation  Ly  —  0  be  right  disfocal  on  [a,  b  +  n\. 
We  will  assume  that  the  Green’s  function  for  (4)  satisfies  G(t,s)  >  0  for  t  G 
(a,b  +  n],  s  e[a  +  k,b  +  k]. 

This  hypothesis  is  not  true  in  all  cases,  but  we  will  show  sufficient  conditions 
for  (H)  to  hold  for  n  =  2, 3  and  4. 

III1EXISTENCE  AND  COMPARISON  THEOREMS 

Our  results  for  difference  equations  are  similar  to  those  for  differential  equa¬ 
tions.  We  must  first  introduce  a  suitable  Banach  space  for  our  difference  equa¬ 
tion,  eigenvalue  problem  (3).  Let  B  =  {u  :  [a  +  k,b  +  fc]  — +  7£m}  with  norm 
||U||  =  max[a+itij)+jt]  |u(f)|,  where  {  -  j  is  the  Euclidean  norm.  Following  the 
ideas  from  Hankerson  and  Peterson  [6,7],  and  papers  by  Tomastik  [17,18],  we 
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let  7,  J  C  {1,2,  be  such  that  Ju  J  =  {1,2,  and  I  D  J  =  0!  (It  is 

permissible  for  7  =  0  or  J  =  0.)  Let  K  be  the  ‘quadrant’  cone  in  TZm  defined  by 
K.  =  {x  =  ( x1,x2,...,xm)\xi  >  0  if  i  €  7,Xi  <  0  if  t  €  J}. 

Although  some  of  our  results  will  hold  for  any  solid  cone  in  TZm,  we  will  just 
concern  ourselves  with  K.  being  a  ‘quadrant’  cone  in  7lm.  Define  6i  to  be  the 
discrete  function  Si  =  1  if  t  E  7  and  6,-  =  —1  if  i  E  J.  We  can  then  equivalently 
define  the  cone  K  to  be  K.  =  {x  €  Ttm  j  <5,2,-  >  0  for  i  =  1,2, .. .  ,m).  With  this 
notation,  the  interior  of  K.  can  be  described  by  K.°  =  {x  E  TV™  |  6,-Xj  >  0,  i  = 
1,2,. 

We  can  now  define  the  reproducing  cone  VCB  by  V={uEB\  u(t)  E  K.,t  E 
[a  fc,  b  +  &]}  or  equivalently  by  V  =  {u  E  B  |  S,Ui(t)  >  0,  i  =  1, 2, . . . ,  m;  t  E 
[a  +  k,  b  +  &]}.  The  interior  of  our  cone  V  is  now  given  in  the  next  lemma. 

Lemma  4.  Let  V  be  the  cone  in  the  Banach  space  B  as  defined  above.  The  interior 
of  V  is  given  by 


'P  —  {u  E  B  |  u(t)  E  ,  t  E  (a  +  k,  b  +  &]}, 


or  equivalently 


V°  =  {u  EB\  <5,Ui(t)  >  0,f  €  (a  +  k,  b  +  &]}• 

PROOF:  Let  Q  =  {u  E  5j<5,Ui(t)  >  0,t  €  (a  +  k,b- f  t]}.  We  will  show  that 
Q  =  P°.  First  let  u  E  Q-  Then  SiUi(t)  >  0  for  t  E  {ti,tn  4-  n].  So  if  we  let 
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t  =  mini<f<m {min^,^^*]  |u,(t)|},  then  e  >  0  since  u(t)  is  a  discrete  function. 
Now,  let  y  £  B(u ;  e),  so  ||u  —  y|j  <  e.  If  y  £  V  then  we  are  done,  so  assume  that 
y  £  V.  Then,  there  exists  a  t0  so  that  y(t0 )  K,°  for  some  t0  £  (a  4-  k,b  +  it], 

which  means  that  Si,yi,(t0)  <  0  for  some  t0  €  {1,2,.  Since  ||u  —  y||  <  e, 

we  have  that 

«  >  KM  -  y(<o)| 

m 

2^(u,(to)  -  y(to))2 

i=i 

So  —  e  <  Uia(t0)  —  y.0(<o)  <  c.  First,  suppose  Si,  =  1.  Then  we  have  that  <5,„e  = 
e  >  S{,  U{o  (t0)  —  Si,  yi ,  (t0)  >  ui,  (t„)  since  Si,  yi,  (tD)  <  0.  But  this  contradicts  the 
fact  that  t  =  mini<i<m{mm(a+fci6+<.j|u<(t)|}  <  k.(t0)|  =  u,0(t0),  since  Sx,  =  1. 

So  if  Si,  —  1,  we  have  a  contradiction.  Now  suppose  that  Si,  =  —1.  From 
above  we  have  that  <5,.(  — e)  >  Si,  Ui,(ta)  —  Si,yi,(t0)  >  Si,e  and  from  this  we  get 
that  e  >  Si,Ui,(t0)  since  —  Si,yi,  (t0)  >  0.  But  again  this  contradicts  the  minimal¬ 
ity  of  e.  Hence  S-,  is  not  equal  to  either  1  or  —1  which  again  is  a  contradiction, 
which  means  that  our  original  assumption  that  there  exists  a  t0  and  a  i0  so  that 
Si, yt.(t0)  <  0  is  false.  Thus  y  €  V  and  since  y  was  arbitrary,  we  have  that 
B(u;  e)  C  V  and  so  u  £  V°.  So  we  have  shown  that  Q  C  V°. 

Now  let  u  £  V°  and  we  will  show  that  u  £  Q.  Suppose  u  £  Q,  so  that  there 
exists  a  t0  €  [a +  /:,&  +  fc]  and  an  i0  £  {1,2,. ..,m}  so  that  S{,Ui,(t0)  =  0,  so 
Ui, (to)  =  0,  (clearly  if  (M  <  0  then  u  £  V  which  contradicts  u  £  V°). 
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Since  u  6  V°,  there  exists  an  e  so  that  B(u ;  e)  C  V.  Let  y(t)  be  such  that 
y(t)  =  u(t)  if  t  7^  <0  and  when  t  =  ta,  let  y,(f0)  =  Ui(t0 )  for  i  ^  ic  and  finally,  let 
£.y<0(to)  =  -  f-  This  gives  us 


ll«  —  2/11  = 


max  {  max 
]<i<m  1  tg(o-f-i,fc+fc] 


=  max  {M<,.)-y;(*,.)| 

KKm 

=  k.(*«.)-y».(*<.)l 

=  since  ut-.(t0)  =  0 


Hence  ||tt  —  y\\  =  |  <  e  so  we  have  that  y  E  B(u;  e)  C  V.  But  <5i.yi.(<o)  =  -§  <  0 
so  y  £  V  which  is  a  contradiction.  So  we  must  have  that  £,u,(t)  >  0  for  all 
1  <  i  <  m  and  t  E  (a  +  k,b  +  k],  that  is  u  E  Q-  Thus  since  we  have  shown  that 
Q  CV°  and  V°  C  Q  we  have  that  V°  =  Q  and  our  lemma  is  proved. 

We  now  state  our  first  existence  result  for  our  boundary  value  problem  (3). 


THEOREM  5.  Assume  hypothesis  (H)  holds,  SiSjpij(t)  >  0,  for  t  €  [a  +  k,  b  +  fc], 
1  <  i,_;  <  m  and  that  there  is  a  t0  E  [a  +  k,  b  +  k]  and  an  i0  such  that  Pi,i,  ( to )  >  0. 
Then  for  the  eigenvalue  problem  (3),  there  exists  an  eigenvector  z0  E  V  with 
corresponding  positive  eigenvalue  A0  which  is  a  lower  bound  for  the  modulus  of 
any  other  eigenvalue  for  this  eigenvalue  problem.  Furthermore,  £,r(t)i  >  0,  for  all 
t  E  [a,  b  +  n],  i  =  1, 2, . . . ,  m,  that  is  z(t )  E  K,  for  all  t  E  [a,  b  +  n]. 
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PROOF:  We  define  the  linear  operator  M  :  B  — ►  B  by 

b+k 

Mu(t)  =  ^  G(t,  s)P(s)u(s),  for  t  6  [a  -f  k,  b  +  k], 

where  G(t,  5)  is  the  Green’s  function  for  (4).  We  note  that  the  eigenvalues  of 
boundary  value  problem  (1)  are  reciprocals  of  the  operator  M,  and  that  zero  is 
not  an  eigenvalue  of  (3)  since  Ly  =  0  is  right  disfocal.  We  also  note  that  since 
G(t,s)  is  defined  for  all  t  €  [a,  6  4-  n],  we  have  that  Mu(t )  is  well  defined  on 
[a,  b  +  n]. 

We  will  now  show  that  our  compact  operator  M,  is  a  positive  operator,  that 
is,  M  :  V  — »  V.  Let  u  be  an  arbitrary  element  of  V.  If  we  can  show  that 
Si(Mu(t))i  >  0  for  all  t  €  +  n],  i  =  l,2,...,m,  where  ( Mu(t))i  denotes 

the  i-th  component  of  Mu(i),  then  Mu  €  V.  Consider  the  i-th  component  of 
P(t)u(t),  ( P(t)u(t))i  =  pij(t)uj(t).  Now  Sj8}  =  1  and  6jUj(t )  >  0  so  we 

have  that  for  all  t  €  [a  +  k,  b+k],  6i8jpij(t)6jUj(t )  >  0,  since 

6ibjPij(t)  >  0  by  hypothesis.  From  hypothesis  (H),  we  have  that  G(t,s )  >  0  on 
[a, b+n] x [a+&, b+k].  Thus <5,- (Mu)i(t)  =  1  > 

0,  for  all  t  €  [«,  6  +  n],  i  =  1, 2, . . . ,  m.  Thus  Mu  €  V,  and  since  u  was  an  arbitrary 
element  of  V,  we  have  that  M  is  a  positive  operator. 

In  order  to  apply  Theorem  1.6,  of  Chapter  1,  we  must  find  a  nontrivial  u0  G 
V,  and  an  £0  >0  so  that  Mua  >  e0u0.  Let  u0(t)  =  ,  where  ej.  is  the 

unit  vector  in  7Zm  in  the  i0  direction.  This  gives  us  that  the  jth  component  of 
(u0(t))j  =  8i'6jej,  where  <5t;  is  the  Kronecker  delta  function.  Thus  6j(u0(t))j  = 


t 
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{6j6t%  >  0,  so  u0  €  V.  We  note  that  5,-.(u0(<))«.  =  1  >  0,  on  [a  +  k,  b  +  A;] 

and  that  Sj(u0(t))j  =0  for  all  other  j. 

We  now  consider  Mu0(t).  Since  M  :  V  — ►  V,  we  know  that  6j(Mu0)j(t)  > 
0  =  6j(u0(i))j  for  1  <  j  <  m,  j  ia.  When  j  =  i0  we  have  that 

b-ffc  m 

6ie(Mu0)it(t)  =  G(tiS)'526iJ}Pi.}(S)tj(U<>(S))} 

a=a+k  j=l 

b+k 

s=a+k 

b+k 

=  G(f’s)p^^(s) 

s=a+k 

>0,  for  t  6  [a  4-  k,b+  fc], 

since  by  hypothesis  (H),  G(t,s)  >  0  for  all  t  €  (a,b  +  n],  s  6  [a  +  k,b  +  fc]  and 
Pi, ». (to )  >  0  for  t0  €  [a  +  k,b+  &].  So  we  have  that  <5;,  (Mti0)t,  (t)  >  0  for  all 
t  €  [a  4-  k,b  4-  A:],  and  since  Sit(Mu0)i,  (t)  is  a  discrete  function,  we  have  that 
So  =  min[a+*ji(+fc]{(5o(Muo)i0(t)}  >  0.  Hence  we  have  that  6i0(Mu0)i.(t)  >  £0  = 
s0(Sit  (u0(t))i, )  for  t  €  [a  4-  k,b  +  fc],  since  6,o(u;v'(t)),0  =  1.  This  gives  us  that 
Mu0  >  e0Uo  with  respect  to  the  cone  V.  By  applying  Theorem  1.6  of  Chapter 
1,  we  have  that  there  exists  an  eigenvector  z0  €  V  with  corresponding  positive 
eigenvalue  A0  which  is  an  upper  bound  for  the  modulus  of  any  other  eigenvalue 
for  this  eigenvalue  problem.  Since  the  eigenvalues  of  M  are  reciprocals  of  the 
eigenvalues  of  (3),  our  results  follow. 

We  now  show  the  final  conclusions  of  this  theorem,  that  is,  if  (A0,z0)  are 


the  eigenpair  from  above,  then  zG(f)  £  K.  for  all  t  €  [ a,b  +  n].  We  know  that 
Mz0{t )  =  \0z0(t )  or  z0{t )  =  (l/Ao)Mro(0  since  A0  >  0.  Thus, 

6i(zo(t))i  =  ^(l/A0)(M2o(t))i 

..  6+k  m 

=  —  G(t,s)  6,^;p,j(s)(5j(zo(s))ji 

/\o  .  > 

s=a+k  j=l 

>  0,  for  t  €  [a,  6  +  n], 

since  G(t,s)  >  0  for  all  t  £  [a,  b  +  n],  s  6  [a  +  k,b  +  k]  and  by  hypothesis 
>  0,  for  <  £  [a+  fc,6  +  fc],  1  <  i,j  <  m  and  6i(z0(t))j  >  0  since  z(t)  €  V. 
Hence  we  have  that  6, •*(<),•  >  0,  for  all  t  £  [a,  £>  +  n],  i  =  1,2,  that  is 

z(t)  £  K.  for  all  t  £  [a,  b  +  n]. 

If  we  have  stronger  conditions  on  P(<),  then  we  get  better  results. 

Theorem  6.  Assume  hypothesis  (H)  holds,  6i6jPij(t)  >  0,  1  <  i,j  <  m,  for 
all  t  £  [a  +  k,b  +  fc].  Then  for  the  eigenvalue  (3),  there  exists  an  essentially 
unique  eigenvector  zc  in  V°,  and  its  corresponding  eigenvalue  is  simple,  positive 
and  smaller  then  the  modulus  of  any  other  eigenvalue  for  this  eigenvalue  problem. 
Furthermore,  6iz(t)i  >  0,  for  all  t  £  (a, b  +  n],  i  =  1,2, that  is  z(t)  £  K.° 
for  all  t  £  (a,  b  +  n]. 

PROOF:  As  in  the  last  proof  we  define  the  compact  linear  operator  M  by  Mu{t )  = 
53*=o+fc  £(*»  s)P(-s)u(s),  *i  <  i  <  *n  +  n.  We  wish  to  show  that  M  is  a  u0-positive 
operator  so  that  we  can  apply  Theorems  1.8  1.9  of  Chapter  1.  To  show  that  M 
is  Uo-positive,  we  will  show  that  M  :  P\{0}  — ♦  V°,  and  then  apply  Lemma  1.5  of 


Ill 


Chapter  1. 

Let  u  bean  arbitrary  element  of  7?\{0}.  Then,  there  exists  an 
to  €  {1,2, .. .  ,m}  and  a  t0  G  [a  +  fc,  b  +  k]  so  that  6i0Uia(t0)  >  0.  By  hypothesis, 
for  each  i  =  1, 2, . . . ,  m,  (<)  >  0  on  [a  +  k,  b  +  fcj.  This  gives  us  that 

f>if>ioPii.(t)f>i,Ui0(to)  >  0  for  all  t  €  [a  +  fc,b  + fc],  t  =  1,2,. ..,m.  Then,  by 
hypothesis  (H)  G(t ,  5)  >  0  for  all  t  6  (a,  6  +  n],  s  6  [a  +  fc,  b  +  k],  we  have  that  for 
each  t  =  1, 2, . . . ,  m 

b+k  m 

Si(Mu)i(t)  =  ^  G(t,s)Si 

*=a+k  j=J 

b+k  in 

=  21  &(*>*)  22 
s—a+k  jissj 

b+k 

>  21  G(t’S)SiSi.PH»(S)Si.ui*(S) 

s=a+k 

>  0,  for  t  €  (a,  b  +  n]. 

Thus  we  have  that  ^(Mu(t))i  >  0  for  all  t  6  (a,  b  +  n].  But  this  give  us  that 
Mu(t)  6  fC°  for  all  t  6  (a,  b  +  n].  In  particular  we  have  that  Mu(t )  €  £°  for  all 
t  €  [a  +  k,  b  +  fc],  and  so  by  Theorem  4  of  this  chapter  we  have  that  Mu  €  V° . 
Since  u  was  an  arbitrary,  nontrivial  element  of  V  we  have  that  M  :  'P\{0}  — ►  V°, 
so  by  Lemma  1.5  of  Chapter  1  we  have  that  M  is  a  u0-positive  operator.  Hence 
we  now  apply  Theorems  1.8  and  1.9  of  Chapter  1,  to  get  that  M  has  an  essentially 
unique  eigenvector  z0  in  V°,  and  its  corresponding  eigenvalue  is  simple,  positive 
and  greater  then  the  modulus  of  any  other  eigenvalue  for  this  eigenvalue  problem. 
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Since  the  eigenvalues  of  M  are  reciprocals  of  the  eigenvalues  of  (3)  we  have  our 
desired  results. 

Furthermore,  from  above  we  have  that  for  any  nontrivial  u  €  V,  6i(Mu(t)),  > 
0,  for  all  t  G  (a,  b  +  rz],  i  =  1, 2, . . . ,  m,  that  is  Mu(t )  G  1C°  for  all  t  G  (a,  b  4-  n]. 
Hence  if  (A0,z0)  are  the  eigenpair  for  above,  we  have  that  z0(t)  =  (1/A 0)Mz0(t)  € 
fC°  since  A0  >  0  and  our  theorem  is  proven. 

We  also  have  comparison  results  between  two  focal  point  difference  equation 
eigenvalue  problems. 

Theorem  7.  Let  hypothesis  (H)  hold  for  the  eigenvalue  problems  (1)  and  (3). 
Also,  assume  that  the  matrix  functions  P(t)  and  Q(t)  have  the  properties: 

a)  There  is  an  z0  €  {1,2, ...  ,m}  and  a  to  €  [o  +  k,  b+  fc]  such  that  Piaia(t0 )  >  0; 

b)  0  <  Si8jpij(t)  <  6i6jqij(t),  for  t  £  [a  +  k,b  +  fc],  1  <  i,j  <  m; 

c)  >  0,  for  t  €  [a  +  k,  b  +  k],  1  <  i,j  <  m. 

Then  there  exists  smallest  positive  eigenvalues  A0,  A0  of  (1)  and  (3)  respec¬ 
tively,  both  of  which  are  positive,  A0  a  lower  bound  in  modulus  and  A0  strictly 
Jess  in  modulus  then  any  other  eigenvalue  for  their  corresponding  problems.  If  z0 
is  the  eigenvector  corresponding  to  A0,  then  z0  €  V  and  in  addition,  z0(t )  €  1C 
for  all  t  G  [a,  b  +  n].  Further,  A0  is  a  simple  eigenvalue  and  its  corresponding 
eigenvector,  v0  belongs  to  V°  end  in  fact,  v0(t)  G  1C  for  all  t  G  (a,  b  +  n]. 

Moreover,  A0  <  A0  and  if  A0  =  A0,  then  P(t )  =  Q(t )  on  [a  +  k,  b  +  fc]. 


113 


PROOF:  We  define  the  integral  operators  M,  N  :  B  — ►  B  by 
b+k  b+k 

Mu(t)  =  G(t,s)P(s)u(s)  and  Nu(t)  =  E  G(f,s)Q(s)u(s), 

a=a+*  «=a  +  Jfc 

where  G(<,s)  is  the  Green’s  function  for  (4).  We  know  by  earlier  proofs  that 
M,N  :  V  — *  V.  Now,  by  Theorem  5,  M  possesses  a  positive  eigenvalue  1/A0 
which  is  an  upper  bound,  in  modulus,  for  all  other  eigenvalues  of  M,  and  its 
corresponding  eigenvector  z0  belongs  to  V ,  and  in  addition,  z0{t )  E  K,  for  all 
t  E  [a,  b  +  n).  By  Theorem  6,  we  have  that  N  has  a  positive,  simple  eigenvalue 
1/A0,  which  is  strictly  greater,  in  modulus,  than  all  other  eigenvalues  of  N,  and 
its  essentially  unique  eigenvector  v0  belongs  to  V°,  and  in  fact,  v0(t)  6  K.  for  all 
t  E  (a,  b  +  n]. 

We  will  now  show  that  M  <  N  with  respect  to  V.  Let  u  be  an  arbitrary 
element  in  V.  Then  for  each  fixed  i  6  {1,2, . . . ,  m},  we  have  6i6j(qij(t)-pij(t))  >  0 
for  t  £  [a  +  k,  b  +  fc],  1  <  j  <  m.  Also,  since  u  €  V,  we  know  that  Sj(u(t))j  >  0  for 
all  t  E  [0  +  ^,6+/:],  1  <  j  <  m.  These  last  two  items  and  the  fact  that  6}6j  =  1 
gives  us  that  for  j  =  1,2,...,  m, 

m 

^2Si(9ij(t)  -  Pij(t))(v(t))j  >  0 
>=1 

for  t  E  [a  +  k,  b  +  fc].  Now  hypothesis  (H)  tells  us  that  G(t,  s)  >  0  on  [a,  b  +  n]  x 
[a  +  k,  b  +  fc],  and  thus 

b+k  m 

Si  G(t,s)^2(qij(t)-pij(t))(u(t))j  >  0. 

g=a+k  j= 1 
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Since  i  was  arbitrary,  then  each  component  of  G(t,  s)(Q,j(t)  —  P,j(t))u(t) 

times  6i  is  nonnegative  for  all  t  €  [a  4-  k,  b  +  It].  Thus  6,  52,=*+*  G(t,  s)(QtJ(t)  — 
Pij(t))u(t)  =  (N  —  M)u(t)  €  K.  for  all  t  €  [].  Thus  Nu  >  Mu  with  respect  to  the 
cone  V.  Since  u  was  an  arbitrary  element  of  P,  we  have  that  M  <  N . 

Now  ( 2o)  and  (j-,  va)  are  eigenpairs  of  M  and  N  respectively,  so  we  have 
that  the  inequalities  of  Theorem  1.11,  Chapter  1,  hold.  Also,  similiar  to  the  proof 
in  Theorem  6,  we  have  that  N  is  u0-positive.  From  above  we  see  that  M  <  N , 
and  so  we  can  apply  Theorem  1.11,  Chapter  1  to  give  us  that  4-  <  ~  or  A0  <  A0. 

Finally,  suppose  that  A0  =  A0  =  A,  then  Theorem  1.11,  Chapter  1  tells  us  that 
z0  =  kv o  for  some  nonzero  scalar  k.  Then  \P(t)z0  =  Lza  —  kLv0  =  k\Q(t)v0  = 
AQ(i)z0-  Thus  A P(t)z0  —  A Q(t)z0  so  ( Q(t )  —  P(t))z0  =  0  since  A  ^  0.  So,  for 
each  i-th  component  of  ( Q(t )  —  P(t))z0  =  0, 

m 

-  PbWMt))]  =  0,  for  t  €  [a  +  k,  b  +  k). 

j= i 

Hence 

m 

=  0,  for  t  £  [a  +  k,  b  +  k], 
j=i 

and  since  z0  6  V°  we  have  that  SjZ0(t)  >  0  for  all  t  6  [a  +  k,b  +  k].  This,  plus  the 
fact  that  6i6jqij(t)  >  SiSjpij(t)  for  t  G  [a  +  k,b  +  fc],  1  <  i,j  <  m,  gives  us  that 

Pij(t)  =  qij(t),  for  all  t  €  [a  +  k,  b  +  k],  1  <  i,j  <  m. 


Thus  we  have  that  P(t)  =  Q(t)  on  the  interval  [a  +  k,  b  +  it]. 
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V)  EXAMPLES 

In  our  final  section,  we  will  give  examples  for  which  hypothesis  (H)  holds. 


Example  n— 2: 

In  this  example  we  have  k  =  1,  and  Lu(t )  =  u(t  +  2)  +  pi(t)u(f  +  1)+P2(f)u(0- 
Let  t\  —  a  and  f2  =  6  +  1  be  elements  of  any  interval  [a,  6]  over  which  L  is  right 
disfocal.  Then,  from  Theorem  3,  our  Green’s  function  for  (4)  is,  for  t  €  [<i,*2  +  1), 
s  €  [ti  +  1,^2] 


G(t,s) 


(  -1 

0 

yi(Mi) 

Ayi(<2,5) 

Ayi(t2,M 

yi  (Mi) 

&yi(h,s) 

Ayi(f2,fi) 

t  <  s  +  1, 
s  <t. 


To  show  that  hypothesis  (H)  holds  for  this  example,  we  will  need  a  difference 
equation  analog  of  Rolle’s  Theorem,  which  is  provided  by  Hartman  [9]. 


Proposition.  Suppose  that  y(t)  has  N  generalized  zeros  on  [a,  b]  and  that  A y{t) 
has  M  generalized  zeros  on  [a,  6  —  1].  Then  M  >  N  —  1. 

Now  consider  y\ (f,s)  for  any  t  €  [<i,<2  +  1],  s  €  [<1  +  1, <2]-  We  know  that 
yi(.s,  s)  =  0  and  yi  (t ,  s)  ±  0  for  ail  t  ^  s  or  else  by  the  preceding  proposition  we 
contradict  Ly  =  0  is  right  disfocal.  Thus  since  Aj/i  (s,s)  =  1,  we  know  j/i(t,s)  <  0 
for  all  t  <  s  and  yi(t,s)  >  0  for  all  t  >  s.  We  also  know  that  Ayi(f,s)  ±  0  for  all 
t  >  s  or  else  we  again  have  a  contradiction.  Thus  we  have  that  Aj/i(t,s)  >  0  for 


all  t  >  s. 
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Then,  when  t  <  s  -f  1  we  have  that 

G(M  =  Ay1[r!',«,){~Ai'l(‘i^)!/l(‘-ll)} 

_  Ay1(t2,s)yi(t,t1) 

Ayi(t2,ti ) 

So  G(t,s)  >  0  on  (<i,5  +  l)  and  positive  when  <i  <  t  <  s  +  1. 

Now  suppose  that  t  >  s.  Then 

G(t,s)  =  {yi(t,5)Ayi(<2,<i)  -  Ay1(<2,s)yi(<,<i)) 

_  Ayi(t2,s)yi(t,U)  -  yi(<,s)Ayi(<2,<i) 

Ayi(<2,<i) 

From  the  previous  case  we  know  that  G(s,s)  >  0.  Suppose  we  define  z(t)  Lo 
be  z(t)  =  Ayi(<2, ■s)yi (<, <i)  -  yi(<,s)Ayi(<2,<i).  Then  z(s)  >  0  and  A z(t2)  =  0. 
Then  since  z(t )  is  a  solution  of  Ly  =  0,  we  must  have  that  z(<)  >  0  for  t  £  [s, /2]- 
Further,  Az(<2)  =  z(t2  +  1)  —  ^(<2)  =  0  and  so  z(t2  +  1)  >  0. 

Thus  G(t,s)  >  0  for  t  €  {t\,t2  +  1],  s  G  [<i  +  1,<2]  and  hence  we  have  that 
when  n  =  2,  hypothesis  (H)  holds  over  any  interval  on  which  Ly  =  0  is  right 
disfocal. 

In  our  next  two  examples  we  will  take  L  to  be  Ly  =  Any.  We  note  here  that 
when  Ly  =  A "y,  then  Ly  =  0  is  right  disfocal  over  any  interval  I. 

We  will  now  need  what  is  known  as  the  factoral  function.  This  function,  t^k\ 
is  defined  as  follows: 

a)  if  Jt  =  1,2,3,...,  then  <<*>  =  t(t  -  1)(<  -2)...(<  -  k  +  1); 
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b)  if  k  =  0,  then  =  1; 

c)  if  k  —  - 1,  -2,  -3, . . . ,  then  t 

d)  if  k  is  not  an  integer,  then  <***  =  r j 1  w^ere  r(<)  is  the  gamma  function. 
It  is  understood  that  the  definition  of  is  given  only  for  those  values  of  t 

and  k  which  make  the  formula  meaningful.  We  note  that  for  k  a  positive  integer, 
we  have  that 


A t(k)  =(t  +  !)<*> 


=  (t  +  l)t(fc_1)  + 

=  (t  +  l)t^k-1)  -^-^(t-k  +  l) 

So  A =  kt^k~xK  This  property  and  induction  gives  us,  for  j  an  integer,  if 
j  <  k,  then  A >*<*>  =  k(k  -  -  j  +  l)*(*-»;  if  j  =  k  then  A kt{V  =  fc!; 

and  if  j  >  k  then  A;<^  =  0.  Let  s  be  a  fixed  element  of  [t]  +  k,tn  +  &]  and 
define  yk(t,s )  =  (t  —  sYk^/k\,  for  each  k  =  1,2,...  ,n  —  1.  Then  yk  is  a  solution 
to  the  intitial  value  problem  Ly  =  0,  AJyjt  =  8jk,  0  <  j  <  n  —  1.  With  this  in 
mind,  we  will  take  our  set  of  n  linearly  independent  solutions  to  Ly  =  0  to  be 
{hy\(t,s),...,y„-i(t,s)}. 

This  will  simplify  our  Green’s  function  considerably,  since  by  the  properties 
of  the  factoral  function  we  have  that  A ■,y*  =  yjt_y,  for  j  <  k  and  A^yjt  =  0  for 
j  >  k.  Further,  this  gives  us,  like  in  Chapter  3,  that  D  —  1. 


When  n  =  3  our  difference  equation  is  (  — l)n-1Ly  =  0  Ly  =  A 3y  with 
boundary  conditions  y(t j)  =  Ay(t2)  =  A2y(<3 )  =  0,  where  a  =  t\  <  <2  <  *3  = 
6+1.  We  will  show,  that  Hypothesis  (H)  holds  under  the  condition  that  (<2  —  *i)  > 
(*3  —<2)*  It  is  n°t  too  difficult  to  show  that  if  (<2  —  ti)  <  (<3  —  <2 )»  then  hypothesis 
(H)  does  not  hold. 

From  Lemma  2  we  have  that  for  this  equation,  our  Green’s  function  for  t  € 
[<1,^3  +  2],  is 


s  €  [fi  +  k,  <2  +  k  —  l] 

0  yi(Mi)  y2(Mi) 

yi(f2>  •s  —  k  +  1)  1  yi  (<2 ,  <1 )  t<s  —  k  +  3, 

1  0  1 

y2(M-fc  + 1)  yi(Mi)  ife(Mi) 

yi(t2,s-k  +  l)  l  yi(<2,  )  s-*  +  l<<, 

1  0  1 

■s  €  [f 2  +  k  —  1,  <3  +  k  —  1] 

0  yi(Mi)  y2{t,ti) 

0  I  yi{h,ti)  t<s  —  k  +  3, 

1  0  1 

y2(<,$-fc  + 1)  yi(Mi)  y2(t,ti) 

0  1  yi(f2,fi)  s  -  k  +  1  <t. 

1  0  1 


For  Hypothesis  (H)  we  need  to  show  that  G(t,s )  >  0  for  t  €  (<i,<3  +  2],  s  € 
[fi  +  t,<3  +  k  —  1],  We  will  first  show  that  AG(fi,.s)  >  0  for  s  G  [f  j  +  k , <3  +  k  —  1]. 
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First,  let  s  €  [ti  +  k,t2  +  k  —  1].  Then  we  have 
AG(ti,s)  = 


0  Ayi(t\,t 0  Ay2{t\,ti) 

yi(<2,s  -  k  +  1)  1  yi(t2,ti) 

1  0  1 


0  1  0 
yi(<2,s  -  k  +  1)  1  yi(t2,<i) 
1  0  1 


yi (*2, s  —  fc  -h  1)  yi(*2,fi) 

1  1 


=  yi(<2,*i)  -  yi(<2,5  -  fc  + 1) 
=  (<2  -  ti)  -  (t2  -  (a  -  k  +  1))  =  s  -  k  +  1  -  t, 


>  (h  +  fc)  -  Jfc  +  1  -  U  =  1  >  0. 


If  we  have  that  s  e  [t2  +  k  —  l,t3  +  k  —  1),  then 


0 

Ayi(<i,fi)  Ay2(ti,ti) 

0  1  0 

AG(ti,s)  = 

0 

1 

yi (<2, ) 

= 

o  i  yi(<2,<i) 

1 

0 

l 

1  0  1 

1 

0 

=  yi(<2,*i)  = 

1 

yi(h,h) 

(<2 

—  <i)  >  0. 

Thus  for  s  €  [t\  +  k,t3  -f  —  1]  we  have  that  AG(ti,s)  >  0. 


We  will  now  show  why  the  condition  (t2  -  tj)  >  (t3  -  f2)  will  insure  us  that 


G(t,  s)  >  0  for  t  €  (t i ,  <3  -f  2],  s  €  [ti  -f  k,  t2  +  k  —  lj.  We  have  two  cases  to  consider, 
when  a  €  [fi  +  k,  t2  +  k  -  1]  and  s  €  [t2  +  k  -  1,  t3  +  k-  1]. 

Case  1)  Fix  s  €  [<i  +  k,  t2  +  k  -  1], 

If  t  6  (<i ,  s  -  k  +  3)  then  we  have  G(*i ,  s)  =  0,  AG(ti ,  s)  >  0  and 


A  2G(M) 


0  0  1 
yi(*2,s-fc  +  l)  1  yi(t2,ti) 
1  0  l 


=  -1. 


So  A2G(t,.s)  <  0  and  hence  A G(t,s)  is  a  decreasing  function  on  (t\,s  —  k  +  3). 

But  G(ti,s)  =  0  and  AG(t\,s)  >  0.  Thus,  if  G(s,s)  >  0,  then  G(t,s)  >  0  for  all 

t  €  (<i,  s  —  k  +  3).  Now,  if  we  can  show  that  G(t,  s)  >  0  for  all  t  €  [s  —  k  +  1,  t$  +  2] 

then  we  will  have  that  G(t,s )  >  0  for  all  t  €  (<i,<3  +  3],  s  fixed  in  [<i  +  k,t2  +  k  —  I]. 

Let  t  €  [s  —  k  +  1,  <3  +  2]  and  define  f(t)  on  [t\ ,  t$  +2]  by 

y2(t,s-k  + 1)  yi{t,ti)  y2(Mi) 

f(t)  =  yi(t2,s  -  k  +  1)  1  yi(*2,<i)  • 

1  0  1 

Now  f(t )  =  G(t,s )  for  t  6  [5  -  k  +  1,<3  +  2].  Thus,  f(t )  is  a  solution  to  our 
differential  equation  Ly  =  0  and  satisfies  the  boundary  conditions  Af(t2)  =  0  and 
A 2/(t3)  =  0.  Since  A 3/(f)  =  0,  A 2 /(f)  is  equal  to  a  constant.  But  A 2f(t3)  =  0 
so  A 2/(<)  s  0  and  so  A f(t)  is  equal  to  a  constant.  But  A /(f2)  =  0  so  A /(<)  =  0. 
Thus  /(<)  is  equal  to  a  constant  on  [f1?f3  +  2].  Evaluating  f(t)  at  tj  gives  us 

+  yi{ti,ti)  y2{i\,t\) 

/(<  1)=  yi{t2,s  -  k  +  1)  1  yi(<2,<i) 

1  0  1 

y?(U,s  -  k  +  1)  0  0 

--  yi{t2,s  -  k  +  1)  1  yi(<2,<i)  =  V2(ti,s  -  k  +  1). 

1  0  1 

So  /(<)  =  y2(tus-k  +  l)  =  (*,  — (s  — *  +  l))<2>/2!  =  §(<1  -«  +  *-l)(*i  -«  +  *-2). 
Now  (<1  —s+k—2)  <  (fj-s+fc-l)  <  (tj-(ti+k-\)+k-l)  =  0,  since  s  >  <1  -b Ar  —  1. 
Thus  (<1  -s  +  k  -  2)  <  (*i  -s  +  k  -  1)  <  0  so  f(t\)  =  y2(fi,.s  -  k+  1)  >  0.  Thus 
G(t ,  s)  >  0  for  t  €  [s-  k  +  l,t3  +  2]  when  s  €  [<1  +  k,  t2  +  k  -  1].  So  we  have  that 
when  s  €  [f  1  +  k,  t2  +  k  —  1],  G(t,  s)  >  0  for  all  t  €  ( t\ ,  <3  +  2]. 
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Case  2)  Fix  s  6  [ij  +  l:-l,i3+fc“l]. 

When  t  <  s  —  k  +  3,  we  have  that  G(t\,s)  =  0,  AG(fi,s)  >  0,  and,  like  in 
Case  i,  A 2G(t,s)  =  —1.  So,  like  before,  we  only  need  to  consider  G(t,s)  when 
f  £  [s  —  k  +  1,  <3  -f-  2]. 

Let  t  €  [s  —  k  +  1,  f  3  -f  2]  and  define 


/(<)  = 


y2(t,s-k  +  l)  yi(t,ti)  V2{t,U) 

0  1  t/](*2,tl) 

1  0  1 


for  t  €  [<i,<3  +  3].  So  f(t )  =  G(t,s)  when  t  6  [s  -  k  +  M3  +  3].  Again  we  know 
that  A 3/(f)  =  0  and  that  A2/(t3)  =  0.  Thus  A /(f)  is  a  constant.  Evaluating 
A /(f)  at  s  —  k  +  1  we  have 


A  f(s  -  k  +  1)  = 


yi(s  -  k  +  l,s  -  k  +  1)  1  yi(s-k  +  l,ti) 

0  1  J/i  (*2  7^1) 

1  0  1 


0  1  ya(s  -  k  +  1, <1 ) 

0  1  yi(<2,<i) 

1  0  1 


=  yi(*2,*i)  -  yi(s  -k  +  l,ti) 


=  (t2  —  <l)  —  ((5  —  +  1)  —  <l) 


=  t2-s  +  k-l<t2-(t2  +  k-l)  +  k-l  =  0. 


Thus  A /(f)  <  0  so  f(t)  is  non-increasing  on  [f],f3  +  2],  So  if  /(f3  +  2)  >  0  then 
we  would  have  what  we  want,  0  <  /(f)  =  G(t,s )  for  f  €  [s  —  k  +  l,t3  +  2).  If  we 


expand  /(t3  +  2)  along  the  first  column,  we  get 


m + 2)  = 


V2(h  +  2,s  -  k  +  1)  2/i  (<3  2,  )  t/2(<3+2,ti) 

0  1  yi(<2,*i) 

1  0  1 

yi  (*3  +  2,  <1  )  J/2(<3  +  2,  <1  ) 

1  yi(<2,*i) 


=  y2(<3  +  2,  s  —  k  +  1)  + 

=  y2(*3  +  2,s  —  k  +  1)  +  {yi  (t3  +  2,  <i  )yi  (<2 ,  <1 )  —  yiih  +  2,<i)} 

=  («,+2-(^+lg  +  {((J  +  2  _  (l)((2  -  +  2  '  '■  I"' 


2! 


} 


(U  +  l-s  +  k)W 
2! 


+  |(*3  +  2  —  *l)(<2  —  *l)  — 


(f3  +  2  —  ti  )(<3  +  1  ~  *l) 
2! 


} 


-  (**  +  X  ~  ‘  +  -)(2>  -f  (i3  +-|,~  ^  {«,  1}. 


Consider  the  first  quantity,  ^(<3  + 1  —  s  +  k)^  —  |(t3  + 1  —  s  +  &)(<3  —s  +  k).  Now 
s  <  t3  +  k  —  l  and  so  (t3  +  1  —  s  +  k)  >  (t3  —  s  4-  k)  >  (t3  —  (<3  +  k  —  1)  +  k)  =  1. 
This  gives  us  that  ^(t3  +2  —  (s  —  k  +  1))(2*  >  0. 

Since  the  first  quantity  is  greater  than  zero,  we  only  need  to  have  the  second 
quantity  greater  than  or  equal  to  zero.  That  is,  we  need  | (f3  +  2  —  <i){(*2  —  t\)~ 
(<3  —  *2)  —  1}  >0-  This  will  occur  if  {(*2  —  <1 )  —  (<3  —  *2)  —  1}  >  0,  that  is,  if 
(<2  -  *1)  >  (<3  “  *2)  +  1.  Thus,  since  (t2  -  h)  >  (h  ~  h),  we  have  that  f(t)  >  0 
and  so  G(t,s )  >  0  for  all  t  G  (<1,^3  +  2]  and  s  €  [<2  +  k  —  1,<3  +  k  —  1]. 

Hence,  combining  the  two  cases,  we  have  that  for  the  boundary  value  problem, 
A  3y(t  —  k)  =  0  and  Ty  =  0,  hypothesis  (H)  holds  provided  that  {t^—U )  >  (*3  —  *2)- 
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Example  n  =  4: 

In  our  final  example  of  this  chapter,  we  will  take  our  difference  equation  to  be 
Ly(t)  =  —A 4y(t  —  k)  =  0,  with  boundary  conditions  A =  0,  for 
i  —  1,2,3  and  4.  We  will  show  that  Hypothesis  (H)  holds,  under  the  conditions 
(*2  —  <i)  >  (<4  —  *2)  +  1  and  (<3  —  <2)  >  {U  —  <3)  +  1.  For  our  difference  equation 
when  n  =  4  we  have  from  Lemma  2  that  the  Green’s  function  for  t  €  [tuU  +  3], 
is 
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G(t,s ) 


(  for  s  G  [t i  +  fc,  <2  +  fc  -  1] 

0 

yi(Mi) 

y2(t,i\) 

y3(Mi) 

y2(t2,5  -  k  +  1) 

l 

yi(*2,*i) 

y2(<25fi) 

Vi(h,s  -  k  +  1) 

0 

1 

yi(h,t\) 

1 

0 

0 

l 

t/3(t,s  -k+1) 

yi(Mi) 

y2(Mi) 

y3(Mi) 

-  k  +  1) 

l 

yi(<2,<i) 

y2(*2,<i) 

yi(<3,s  -  k  +  1) 

0 

1 

yi(<3,<i) 

1 

0 

0 

l 

for  s  €  [<2  +  &  ~  1,  *3  +  fc  -  1] 

0 

yi(M:) 

y2(Mi) 

ysCMi) 

0 

1 

yi(*2,<i) 

y2(<2,fi) 

yi(<3,s  -  k  +  l) 

0 

l 

yi(<s,<i) 

1 

0 

0 

1 

y3(t,s  -  k  +  1) 

yi(Mi) 

y2(<,  ^i) 

yaitji) 

0 

l 

yi(<2,*i) 

y2{ti,ti) 

yi(<3,s  -  k  + 1) 

0 

l 

yifoyti) 

l 

0 

0 

l 

for 

5  €  [<3  +  k  —  1,<4  +  k  —  l] 

o  yi(Mi)  y3(Mi) 

0  1  yi(<2, <i )  y2(<2,*i) 

0  o 

i  yi(*3,<i) 

1  0 

0 

l 

y3(t,s  -  k  +  1) 

yi(Mi) 

y2(Mi) 

y3(Mi) 

0 

l 

yi(<2,<0 

y2(<2,<i) 

0 

0 

l 

yi(<3,<i) 

. 

1 

0 

0 

l 

t  <  s  —  k  +  4 


s - k+1 <t 


t  <  s  —  k  +  4 


s  —  k  +  1  <  f 


t  <C  5  —  -j-  4 


5  —  +  1  f. 


We  will  first  show  that  AG(ti,s)  >  0  for  all  s  €  (<i  +  k,t4  +  k  —  1).  In  all 
cases,  consider  the  first  row  of  AG(tj,s), 

ARi(fi)  =  (0,  Ayi(fi,*i),  Ay2(<i,<i),  Ay3(<i,<i))  =  (0, 1,0,0).  If  we  expand 
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AG(ti,s)  along  the  first  row,  we  have 

for  s  G  [t\  +  k,  t2  +  k  —  1] 
y2(t2,s-k  +  l)  yi(t2,ti )  y2(t2J\) 

yi(i3,s  -  k  +  1)  1  yi(ti,ti)  , 

1  0  1 

for  s  €  [*2  +  k  —  1,  <3  +  k  —  1] 

yi(h,s  -  k  +  1)  1  yi(*3,<i)  , 

1  0  1 

for  s  €  [<3  +  k  —  1,  ^4  +  k  —  1] 

0  yi(<2,<i)  y2(<2,*i) 

0  1  yi(Wi)  • 

1  0  1 

If  we  consider  AG(t\,s)  as  a  function  of  s ,  we  can  define  functions  /i,(s)  on 
[ii  +  k  —  1,  *4  4-  k  —  1]  for  i  =  1,2,3  to  be 

y2(t2,$-k  +  l)  yi(t2,ti)  y2(t2,ii) 

hi(s)  =  yi(U,s  -  k  +  1)  1  yi(<3,<i)  for  t\  +  k  -  1  <  s  <  t4  +  k  -  1 

10  1 

o  yi(*2,*i)  yifa^i) 

h2(s)  =  yi(<3,5-fc  +  l)  1  yi(<3><i)  for  +  fc  —  1  <  s  <  *4  +  /:  —  1 

1  0  1 
0  yi(*2,<i)  y2(<2,<i) 

/t3(^)  =  0  1  yi(t3,fi)  for  <i+i  — l<s<<4  +  fc  — 1. 

1  0  1 

Then  /i,(s)  =  AG(<i,s)  when  s  €  for  i  =  1,2,3.  By  defining  the  /i,’s  in  this 
manner  we  have  that  hi(t2  +  k  —  1)  =  h2(t2  +  k  —  1)  and  /i2(*3  +  k  —  1)  =  h3(s), 
since  h2  is  a  constant  function.  We  will  need  to  take  the  difference,  with  respect 
to  s ,  of  these  functions  and  will  denote  this  operator  by  A,.  We  note  without 
proof  that  AJyt(t,s)  =  (— \)iyk-j(t,s)  if  k  >  j  and  zero  otherwise. 
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Now  h\(t\+k  — 1)  =  0  since,  in  this  determinant,  the  first  and  last  columns  are 

yi(t2,s  -  k  +  1)  yi(f2,M  y2(t2,ti) 

equal.  Also,  we  have  that  A ,h1(s)  =  —  1  1  yj(t3,t,)  , 

0  0  1 

so  that  Aahi(ti  +  k  —  1)  =  0  since,  in  this  case,  the  first  and  second  columns  are 

1  yi(t2,h)  y2(t2,ti) 

equal.  Finally,  A]hi(s)  =0  1  yi(f3,ti)  =  1.  The  last  equation  gives 

0  0  1 

us  that  Aahi  is  increasing  on  [ti  +  k  —  l,t4  +  Jfc  —  2].  Now  Aahi(ti  +  k  —  1)  =  0 
so  Aahi  >  0  on  [fi  +  +  k  —  2].  So  hi  in  increasing  on  this  interval  and 

hi(ti  +  k  —  1)  =  0.  Thus  we  have  shown,  in  particular,  that  hi(s )  >  0  for  all  s  in 
[*i  +  k,t2  +  k  -  1]. 

0  yi(*2,<i)  y2(<2>*i) 

Now  A ah2(s)  =  -  1  1  yi(t3,fi)  =  yi(t2,ti)  =  (<2  -  h)  >  0.  So 

0  0  1 

h2  is  an  increasing  function  with  h2(t2  +  k  -  1)  =  hi(t2  +  k  -  1)  >  0.  Thus  h2  is 
positive  on  [t2  +  k  —  1,<3  +  k  —  1]. 


Finally,  h3  is  constant  and  h3(s )  =  h2(t3  +  k  -  1)  >  0.  So  h3  is  positive  on 
[t3  +  k  —  1,<4  +  k  —  1],  Putting  this  all  together  we  have  that  AG(fi,s)  >  0  for 
all  s  in  [fj  d*  k^t^  4-  k  —  1]. 


We  will  now  show  why  the  conditions  (t2-ti)  >  (<4  -  t2)  + 1  and  ( t3  - 12)  > 
(U  -  <3)  +  1  insure  us  that  G(t,s)  >  0  for  t  €  (<1 , <4  +3],  s  €  (ti  +  k,t4  +  it  -  1). 
We  have  three  cases  to  consider. 


Case  1:  Fix  s  €  [t\  +  k,t2  +  k  —  1] 
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For  t\  <  t  <  s  —  k  +  1  <  s  —  k  +  4,  we  have  that 

0  0  1  yi(Mi) 

V2(t2,S  -  k  +  1)  1  yi(<2,<l)  V2(t2,tl) 

yi(t3,s-k  +  l)  0  1  yi(*3,*i) 

1  0  0  1 

0  1  yi(Mi) 

yi{h,s-k  +  l)  1  yi(*3,<i) 

1  0  1 

=  yi(h,s-  k  +  1)  -  {yi(<3,*0  -  yi(Mi)} 

=  (h  -  (s  -  k  +  1))  -  (u  -  ti )  +  (t  -  ti) 

=  t  —  (s  —  k  +  1)  <  0  since  t  <  s  —  k  +  1. 

So  A 2G(t,  s )  <  0  on  (<i ,  s  —  k  +  1),  and  hence  A G(t,  s )  is  a  decreasing  function  on 
(ti ,  s  —  k  + 1].  Now  G(ti ,  5)  =  0  and  we  have  previously  shown  that  AG(ti ,  s)  >  0. 
Thus  if  G(s  —  k  +  1,  s)  >0,  then  (7(t,  s)  >  0  for  all  t  in  (t\ ,  s  —  k  +  1],  So  we  now 
consider  G(t,s )  for  t  €  [s  —  k  +  1,  t4  +  3]  and  will  show  that  it  is  positive. 

Now,  for  fixed  s,  G(t,s )  is  a  solution  of  Ly  =  0  so  A 4G(t,s)  =  0.  Thus 
A 3G(t,s)  is  a  constant.  But  A3G(t4,s)  =  0  since  G(t,s)  satisfies  the  boundary 
conditions.  So  A 3G(t,$)  =  0  and  so  A 2G(t,s)  is  a  constant.  Now  A2G(t3,s)  =  0 
and  so  A 2G(t,s)  =  0.  This  gives  us  that  AG(t,  s)  is  a  constant.  But  AGfa ,  s)  =  0 
so  A G(t,s)  =  0.  Thus  G(t,s)  is  a  constant  on  [5  —  k  +  l,f4  +  3]. 

Now,  define  f(t)  on  [<j ,  <4  -f  3]  by 

y3(t,s-k  + 1)  yi(Mi)  y3(Mi) 

y2(^2, s  —  k  +  l)  1  yi(<2,<i)  y2(<2,<i) 

yi(t3,s  -  k  +  1)  0  1  yi(*3,*i) 

1  0  0  1 


A  2G(t,s)  =  - 
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So  we  have  that  f(t)  =  G(t,s )  when  t  €  [5  —  k  +  1,<4  +  4].  Evaluating  /  at  t\ 


gives  us 


M  i)  =  ~ 


V3(ii,s  —  k  4- 1)  yi(<i,ti)  y2{ti,ti)  yz{ti,ti) 

y2(t2,s-k  +  l)  1  yi(*2,<i)  V2(t2,ii) 

0  1  yi(<3,<i) 

0  0  1 

0  0 

yi(*2,<i)  y2(*2,<i) 

1  yi(<3,<i) 

0  1 

(t,-(*-*+l))<8> 


yi(t3,s  -  k  +  1) 

1 

y3(<i,s- fc  +  1)  0 

y2(<2,s-fc  +  l)  1 

2/1  (<3, -S  -  fc  +  1)  0 
1  0 


=  —  y3(<i,-s  —  k  +  1)  — 


3! 


(<1  -  s  +  k  —  l)(ti  —  s  +  k  -  2)(tj  -  s  +  k  -  3). 


Now,  (ti-s+k- 3)  <  (ti-s+k- 2)  <  (ti-s+fc-1)  <  (<,-(*, +fc)+fc-l)  =  -1  <  0, 
since  s  €  [*i  +  k,t2  +  k  —  1].  Thus  f(t\)  =  —  jr(<i  —  {s  —  k  +  1))(3*  >  0.  Since 
f(t)  =  G(t,s)  on  [s-  k  +  1,<4  +3]  and  G(t,s)  is  constant,  we  have  that  G(t,s )  >  0 
on  [s  —  k  +  1,  t\  +  3].  But,  as  noted  earlier,  this  implies  that  G(t,s)  >  0  for  all 
t  €  (<1 ,  *4  +  3]  when  s  €  [<1  +  k,  f2  +  k  —  1]. 


Case  2:  Fix  s  €  h’2  +  k  —  1 , £3  +  k  —  1].  Let  t  €  (ti,s  —  k  +  1]  and  consider 
A 7G(t,s).  As  in  Case  1,  we  have  that  A 2G(t,s)  =  t  —  (s  —  k  +  1)  <  0.  This 
can  be  easily  seen  since  the  only  difference  between  this  expression  and  the  one 
in  Case  1,  is  the  element  y2(f2,s  —  k  4-  1),  which  lies  in  the  second  row,  first 
column  slot.  After  taking  two  differences  of  G(t,s),  we  will  expand  along  the 
second  column,  which  has  only  one  nonzero  element,  in  the  second  slot.  This  will 
eliminate  the  y2(t2,s  —  it  +  1)  term,  and  A 2G(t,s)  will  be  the  same  as  in  Case  1. 
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Thus  A 2G(t,s)  <  0,  since  t  <  s  —  k  +  1.  Since  G(ti,s)  =  0  and  £G[ti,s)  >  0, 
we  only  have  to  evaluate  G(t,s)  at  t  =  s  —  k  +  1.  Similar  to  the  last  case,  we  will 
now  show  that  G(t,s)  >  0  for  t  €  [5  —  k  4-  1,  t4  +  3]. 

We  now  let  t  £  [s  —  k  +  1,<4  +  3].  We  know  that  G(t,s )  is  a  solution  to 
A  Ay  =  0  on  (s  —  k  +  4,  <4  4-  3]  and  satisfies  the  appropriate  boundary  conditions. 
So  we  have  that  A 4G(t,s)  =  0  and  A 3G(t4,s)  =  A 2G(t3,s)  =  0.  This  gives  us 

that  A G(t,s)  is  a  constant  function.  Define  the  function  f(t)  on  +  3],  to  be 

y3(t,s-k  + 1)  yi(Mi)  V2(Mi)  y3(Mi) 

0  1  yi(<2,<i)  y2(h,ti) 

yi(<3,-s  -  k  + 1)  0  1  yi(*3,*i) 

1  0  0  1 

So  f(t)  =  G(t,s)  when  t  >  s  —  k  +  1.  This  then  gives  us  that  A f(t)  is  a  constant 


function.  Evaluating  A /  at  t2  and  using  properties  of  determinants  we  have 

y2(t2,s  -  k  +  1)  1  yi(t2,ti)  y2(<2,*i) 

—  _  ®  1  yi  (<2,<i)  y2(h,ii) 

yi(t3iS-k  +  l)  0  1  yi(t3,tj) 

1  0  0  1 

V2(t2,s  -  k  4-  1)  1  yi(<2,ii)  y2(t2,ti) 

_  0  1  yi(<2^i)  y2^2,U) 

0  01  yi(<3,*i) 


l  yi(<2, <1)  y2(<2,<0 
l  yi(h,h)  y2(<2,<0 


yi(h,s  -  k  4- 1)  0 


yi 


.  (t2-(s-k  +  i))W 

=  -yiiU.s  -k  +  1)  = - Tj - 


Now  (t2  -(5  - Jt  +  1))(2)  =  (<2  -  5  +  i-  1  )(/2  -  s  +  k  —  2)  and  since  s  >  <2  +  k-  1  we 
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have  that  (t2  —  s  —  k  —  2)  <  (t2  —  s  4-  k  —  1)  <  (t2  —  (<2  +  k  —  1)  +  k  —  1)  =  0.  Thus 
A/(t 2)  <  0  and  since  A  f(t)  is  constant,  we  have  that  A  f{t )  =  A G(t,  s)  <  0.  Thus 
G(t,  s)  is  a  nonincreasing  function  for  t  €  [s  —  k  +  1,  f4  +  3].  So  if  G(24  +  4,  s)  >  0, 
then  we  would  have  that  G(i,s)  >  0  for  all  2  in  (2i,t4  +  3]. 

Consider  AsG(t4  +  3,  s)  as  a  function  in  s  for  s  €.  [<2  +  k  —  1,  <3  +  k  —  2].  We 

have 


AsG(t4  +  3,  s ) 


y2(t4  +  3,s) 
0 

-1 

0 


yi(U  +  3,  <1 ) 
1 
0 
0 


2/2(24  +  3,2i) 

2/i(22,  <i) 

1 

0 


2/3(24  +  3,2i) 
2/2(22,21) 

yi(23,2i) 


2/2(24  +  3,  s  —  k  +  1)  t/i  (<4  +  3, 2 1 )  2/2(24+3,2^ 

0  1  yi(22,2i) 

1  0  1 


—  V2{t4  +  3,s  —  .v  +  l)  +  {yj(24  +  3,2i)j/i(22,2i)  —  y2(t4  +  3,2i)} 


_  (24+3-(s-fc  +  l))(2> 
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{ 


+  \  (24  +  3  —  2i)(22  —  2i)  — 


(24  -f  3  —  2i  )^2^ 

2! 


where  s  =  s  —  k  +  1  in  the  first  determinant.  Now  s  €  [22  +  k  —  1,<3  +  k  —  2]  so 
(24  +  3  -  (s  -  k  + 1))(2)  =  (24  +  2  -  s  +  k)(t4  +  l-s  +  k)  >  0,  since  (24  +  1  -  s  +  k)  > 
(24  +  1  —  (23  +  k  —  2)  +  k )  =  (24  —  23  +  3)  >  0.  So  our  first  term  is  positive.  The 
second  term  is  nonnegative  since 
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{(<4 + 3  -  *i)(<2  -  <1 ) — 2y(^4  ^  -  *o(2)} 

=  {(<4  +  3  —  ti)(t2  ~  ti)  —  —  (£4  +  3  —  <l)(<4  +  2  —  ii)} 
=  ^(<4  +  3  —  t\ ){2{t2  —  )  -  (*4  +  2  —  t\ )} 

=  ^j( U  +  3  -  <i){(<2  -  ti)  -  (<4  -  <2)  -  2} 

>0, 


since  we  required  that  (t2  —  1 1 )  >  (<4  —  <2)  + 1.  Thus  A aG(t,  s)  >  0  for  all  elements 
■s  €  [<2  +  k  —  1,  <3  +  k  —  2].  This  tells  us  that  G(t,  s )  is  an  increasing  function  in  s, 
and  so  G(<4  +  3, *2  +  ^-1)  <  G(t4+3,s)  for  all  s  €  [t2  +  k~l)*3  +  k  —  l]-  But  in  our 
previous  case  we  proved  that  G(t,  s)  >  0  for  alH  G  (<i,<4+3],5  €  (ti  +  k,t2  +  k  —  1]. 
Thus,  0  <  G(^4  +  3,  t2  +  k  —  1)  ^  G(f4  +  3,s)  for  all  s  6  [i 2  d*  k  —  1,^3  +  k  —  1] 
provided  that  (t2  >  (<4  —  <2)  +  1. 

Summing  up,  we  have  shown  that  if  (<2  —  <1 )  >  (U  — 12)  +  1 ,  then  G(t,s)  >  0 
for  all  t  in  (ti,U  +  3],  s  fixed  in  [<2  d-  k  —  1,<3  -f  k  —  1]. 


Our  final  case  is  when  s  is  an  element  of  [<3  +  k  —  1,<4  +  k  —  1). 


Case  3:  Fix  s  6  [<3  +  k  —  1 ,  <4  +  k  —  1]. 
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Let  t  <  s  —  k  +  1  and  consider  A 2G(t,s)  which  is 


A  =  - 


0  0 
0  1 
0  0 
1  0 


1 

l 

o 


yi(Mi) 

y2(<2,*l) 

l 


0  1  yi(Mi ) 

l  yi(t2,U)  y2(<2, ) 

0  l  yi (<3, <i ) 


l  yi(Mi) 

l  yi(<3>*i) 


=  yi(Mi)  —  yi(<3,<i)  =  (<  -  *i) —  (<3  —  *i) 


=  (<-<3). 


This  gives  that  A2G(t, s)  <  0  on  [*i,  <3]  and  A2G(t, s)  >  0  on  [<3,5  —  k  +  1].  Since 
G(ti ,  5)  =  0  and  AG(ti ,  s)  >  0,  all  we  have  to  worry  about  is  the  sign  of  G(t,  s)  for 
t  €  [<3, 6  +  k  -  1].  We  know  A G(t2,s)  =  0  and  A2G(t,  s)  =  t  -  <3,  so  A G(f ,  s)  <  0 
on  (*2, *3]  and  then  begins  to  increase.  Now,  as  it  turns  out,  A G(t0,s)  =  0  where 
ta  =  <3  +  (*3  —  <2)  +  1.  This  can  be  verified  by  direct  substitution,  but  the  algebra 
is  exhaustive.  (For  a  motivation  of  why  this  ta  works,  see  example  4  of  Chapter 
3.)  Hence,  for  t  €  (^2,^0)  we  have  that  A G(t,s)  <  0. 

Now  t  <  s  —  k  +  1  <  (<4  +  k  —  1)  —  k  +  1  =  <4.  Thus  t  <  <4  <  <4  +  2  < 
*3  +  (<3  —  *2)  +  1  =  to,  since  by  hypothesis  we  have  (*4  —  h)  +  1  <  {U  —  *2)-  Hence 
A G(t, s)  <  0  on  (t2,s  —  k  +  1]  and  so  we  have  that  G(<, s)  is  a  decreasing  function 
on  (f2,s  +  k  —  1].  This  gives  us  that  if  G(s  +  k  —  l,s)  >  0,  then  G(t,s)  >  0 
for  all  t  €  (ti,s  +  k  —  1].  Like  before,  we  will  now  show  that  G(t,s)  >  0  for  all 
t  €  [s  -f  k  —  1,  <4  +3]. 


Let  t  be  in  the  interval  [5  +  k  —  1, <4  +  3]  and  consider  A2G(t,s)  on  [s  +  k  — 


1><4  +  lj, 

yi(t,s-k  +  l)  0  1  yi(Mi) 

0  1  yi{t2,ti)  y2{t2,U) 

0  01  yi(h,t\) 

1  0  0  1 

yi(t,s-k  +  l)  1  yi(Mi) 

0  1  yi(h,ti) 

1  0  1 

=  -yi(t,5  -k  +  1)-  {y i(t3,ti)  -  yi(Mi)} 

=  -(t-(s-k  +  1))  -  {(<3  -  h)  -  (t  -  *,)} 

=  (5  -(t3  +  k-  1))  >  0,  since  s  €  [fa  +  k  -  1, t4  +  k  -  1]. 

This  gives  us  that  A G(t,s)  is  nondecreasing  for  t  €  [s  +  k  —  l,t4  +  2].  If  we 
could  show  that  A G(t4  +  2,  s)  <  0  then  G(t,  s)  would  be  a  decreasing  function  on 
[s  +  k  —  l,t4  +  3].  Then,  if  G(t4  +  3,s)  >  0  we  would  have  that  G(t,s )  >  0  for 
t  €  [5  +  k  —  1,<4  +  3].  So,  we  consider 


y2(U  +  2,s  —  k  -t- 1)  1  yj(t4+2,ti)  y2(^4+2,ti) 

0  1  yi(<2,M  y2{t2,U) 

0  0  1  yj(4,^i) 

10  0  1 

1  yi(*4  +2,ti)  y2(<4  +  2,ti) 

=  ~y2(^4  +  2,  s  —  k  +  1)  +  1  yi  (<2»  <1 )  V2(h,ti) 

0  1  yi(<3,<i) 

Examining  the  first  term  we  have  (<4  -f  2  —  s  +  fc)  >  (f4  +  1  —  s  +  fc)  >  (t4  -f  2  — 
(<4  +  k  —  1)  +  k)  =  3  >  0,  which  gives  us  that  —y2(U  4-  2,  s  —  k  +  1)  <  0.  We  now 


AG(f4  +  2,  s)  =  — 


A  2G(<,s)  =  - 
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consider  the  determinant  term.  Let  the  function  h(r),  be  the  determinant  term 
with  tj  replaced  by  r.  So 

1  yi(f4+2,r)  y2(t4+2,r) 

h(r)  =  1  yi(<2,r)  y2(f2,r)  ,  which  gives 

0  1  t/i(*3,r) 


1 

1 

y2(*4  +  2,  r) 

1 

yi(<4  +  2,  r) 

yi(t4  +2,r) 

1 

1 

y2(<2,r) 

— 

1 

yi(<2,r) 

yi(<2,r) 

0 

0 

yi(*3,r) 

0 

1 

1 

Thus  we  have  that  <  0,  since  by  hypothesis  (<4  —  *3)  +  1  <  (<3  — 12)-  Hence, 
h(r)  <  0  and  so  our  determinant  is  <  0.  This  gives  us  that  A G(t4  +  2,s)  <  0, 
so  we  have  that  G(t,s)  is  decreasing  in  t  on  [s  +  k  —  1,<4  +  3]  provided  that 
(U  -  tz)  +'  1  <  (*3  -  t2).  Hence  if  G(t4  +  3,s)  >  0,  then  G(t,s)  >  0  for  all  t  in 
[s  +  k  —  1,  <4  +3]. 

We  now  will  evaluate  G(t4  +  3,  s).  If  we  consider  G(tt  +  3,  s)  as  a  function  of 
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s,  and  then  take  the  difference  with  respect  to  s  and  let  s  =  s  —  k  +  1,  we  get 

~V2(U  +  3,i)  yi(*4  +  3,fi)  t/2(f4  +  3,fi)  y3(*4+3,*i) 

0  1  yi(t 2,tl)  V2(t2,tl) 

001  yi(<3,<i) 

0  0  0  1 

=  y2(U  +  3,s  -  k  +  1)  =  ^(f4  +  Z-(s-  k  +  1))(2) 

=  ^(*4  +  2  —  s  +  k)^  >  0, 

since  (t4  +  2  —  s  +  k)  >  (<4  +  1  —  s  +  k)  >  (t4  +  1  —  (<4  +  k  —  1)  +  k)  =  2  >  0.  Thus 
G(t4  +  3,s)  is  increasing  in  s  for  s  in  [<3  +  k  —  \,t4  +  k  —  1],  This  gives  us  that 
G(t4  +  3,f3  +  k  -  1)  <  G(t 4  +  3,  s)  for  all  s  €  [tz  +  k  -  l,t4  +  k  -  1].  But  from 
Case  2)  we  know  that  G{t4  +  3, <3)  >  0  provided  that  (<2  ~  ti)  >  (t4  —  *2)  +  1. 
Hence  we  have  that  if  (t2  —  <i)  >  (*4  —  <2)  +  1  and  (*3  “  *2)  >  (<4  —  <3)  +  1  then 
G(f , s)  >  0  for  all  t  G  (ti , £4  +  3],  s  €  3  k  —  l,t4  k  1]. 

Thus,  combining  all  of  our  cases,  we  have  shown  that  if  we  have  (<2  —  <i)  > 
(U  —  <2)  +  1  and  (*3  —  *2)  >  (*4  —  *3)  +  1  then  G(t,s)  >  0  for  all  t  6  (ti,<4  +  3], 
s  €  [fj  k ,  t4  +  k  —  1].  Hence  we  have  that  under  the  conditions  stated,  hypothesis 
(H)  holds. 


&3G(t4  +  3  ,s)  =  — 
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